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SUMM7\RY 


This  review  deals  with  aspects  of  the  nucleon- 
nucleon  interaction  below  the  pion  production  threshold. 
We  are  mainly  concerned  with  the  nucleon-nucleon  phase 
parameters  and  the  predictions  made  for  these  by  the 
various  meson  theoretical  models  of  the  nuclear  force. 

In  several  of  these  models  the  predictions  are  repre¬ 
sented  in  the  form  of  a  potential^  v/hich  is  compared 
with  a  successful  phenomenological  potential.  In  still  a 
few  other  cases^ predictions  are  made  directly  for  the 
observables . 

In  chapter  I  the  phase  parameters,  phenomenologi¬ 
cal  potentials,  observables  and  their  relation  are  brief¬ 
ly  discussed. 

Chapter  IT  is  devoted  to  a  few  standard  techniques 
in  meson  fie.ld  theory.  ?Vttention  is  gd.ven  mainly  to  the 
covariant  perturbation  theory  (Feynman  rules)  and  the 
dispersion  relations.  These  are  the  two  basic  techniques 
used  in  the  various  meson  theoretical  models. 

In  the  chapters  III  and  IV  a  number  of  these  mo¬ 
dels  is  reviewed.  In  chapter  III  v/e  consider  models  in 
which  only  the  lowest  order  contributions  of  the  meson 
exchanges  are  included.  More  general  models  are  discussed 
in  chapter  IV. 

We  shall  reach  the  conclusion  that  present  day 
meson  theory  is  able  to  describe  the  nuclear  interaction 
adecTuately  for  the  F-  and  higher  partial  v^aves.  A  satis¬ 
factory  description  for  the  S-  and  P~  waves  is  possible, 
but  involves  the  use  of  form  factors.'  These  form  factors 
are  not  free  from  arbitrariness.  The  D~waves  are  not 
described  well  in  most  models. 
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PREFACE 


"The  intrinsic  value  of  the  two  nucleon  problem 
is  reflected  by  the  fact  that  it  has  been  intensively 
researched  by  a  huge  army  of  physicists  all  over  the 
world."  (Moravscik  :  reference  1) 

Golberger  writes  in  1960  :  "It  is  also  true  that 
scarcely  ever  has  the  world  of  physics  owed  so  little 
to  so  many  ...  .In  general,  in  surveying  the  field,  one 
is  oppressed  by  the  unbelievable  confusion  and  conflict 
that  exists.  It  is  hard  to  believe  that  many  of  the 
authors  are  talking  about  the  same  problem,  or  in  fact 
that  they  know  what  the  problem  is."  (quoted  in  referen¬ 
ce  21)  This  depressing  state  of  affairs  lasted  until  : 
"The  discovery  was  made  that  the  nucleon-nucleon  problem 
couJd  not  really  be  solved  without  prior  solution  of  the 
picn-micleon  ~  and  even  pion-picn  problems."  (Signcll  t 
reference  20)  And  in  1972  Morcivscik  states  :  "The 
nucleon-nucleon  problem  has  proven  a  challenging,  novel, 
rJch  and  fascinating  problem  and,  as  a  considerable 
amount  of  insight  has  been  gained  into  it,  an  aestheti¬ 
cally  satisfying  picture  has  emerged."  (ref.  1) 

Although  since  the  recent  developments  concerning 
quarks,  Q.C.D.  and  gauge  field  theories  one  may  hesitate 
to  underline  Moravscik 's  opinion  :  "The  two  nucleon  in¬ 
teraction  is  perhaps  the  most  centjral  problem  in  modern 
physics"  (ref.  1),  one  may  still  agree  with  Breit,  who 
called  the  two  nucleon  interaction  "the  Mount  Everest  of 
nuclear  physics"  (quoted  in  reference  3) .  One  may  gather 
from  these  quotations  that  the  two  nucleon  problem  is  a 
worth-while  object  of  study.  It  is  also  clear  that  the 
problem  has  many  aspects.  In  this  review  only  a  number 
of  these  are  discussed.  First  of  all  the  nuclear  force 


V 


was  studied  for  energies  below  the  pion  production  only. 
This  regime  is  most  interesting  from  a  nuclear  physics 
point  of  view.  Important  related  subjects  vzhich  are  not  or 
only  marginally  covered  in  this  review  are  : 
the  experimental  state  of  affairs,  many-body  applications, 
the  electro-magnetic  and  weak  interactions  betweeii  nu¬ 
cleons,  the  low  energy  behaviour  and  the  deuteron  problem, 
boundary  condition  models,  soft  pion  theorems  and  chiral 
symmetry,  intermediate  -  ,  strong  -  and  non-linear  cou¬ 
pling  theories,  Regge  theory,  dual  theories  and  the  Vene- 
ziano  model  and  applications  of  the  Pade^  approximants  tech¬ 
nique. 

I  had  the  benefit  of  many  other  reviews  that  exist 
on  the  various  aspects  of  the  field.  Especially  useful 
was  the  article  by  Moravscik  (ref.  1) ,  which  is  an  en¬ 
cyclopedic  summary  of  almost  all  developments  during  the 
period  1959  -  1971  and  the  very  extensive  review  articles 
in  the  ’Supplements  of  Progress  of  Theoretical  Physics’ 

(ref.  69) .  Review  articles  emphasizing  particular  aspects 
are  the  references  2,  3,  4,  20,  21,  23  and  31.  Reference  2 
treats  the  theory  of  the  empirical  analysis.  In  reference 
3  One  Boson  Exchange  models  are  considered.  Special  atten¬ 
tion  to  Two  Pion  Exchange  effects  is  given  in  reference  4. 
Reference  20  covers  nuclear  potentials.  Review  of  older 
methods  (before  1960)  are  given  in  the  references  21,  23 
and  31. 

I  have  tried  to  make  a  compromise  betv/een  a  detailed 
treatment  such  as  in  the  Supplements  of  Theoretical  Pro¬ 
gress  and  an  encyclopedic  approach  as  given  by  Moravscik. 

The  chapters  of  this  reviev7  are  rather  self-con¬ 
tained.  In  the  introductions  a  brief  summary  is  given  of  the 
different  sections .  Furthermore  each  chapter  closes  v/ith  a 
brief  discussion  of  the  results. 
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CJIAPTER  1 


THE  PHENOMENOLOGICAL  ANALYSI.S 


1)  Introduction 


Experimental  information  on  the  int-^ract:’ on  be¬ 
tween  two  nucleons  can  be  obtained  from  reactions  in¬ 
volving  free  nucleons.  Another  possible  source  of  infor¬ 
mation  is  the  study  of  the  bound  state  of  the  two-nucleon 
system,  the  deuteron. Furthermore  knowledge  may  be  ex¬ 
tracted  from  many-nucleon  systems  such  as  nuclei.  Hoxvever 
the  overwhelming  fraction  of  the  quantitative  information 
about  the  nuclear  force  originates  from  scattering 
experiments  involving  two  nucleons  (ref.  1) .  The  deuteron 
has  contributea  little  to  the  nucleon-nucleon  interaction 
(ref.  1) .  An  evident  reason  for  this  is  that  it  con¬ 
stitutes  one  state  of  the  nucleon-nucleon  system  only. 

The  v^ay  in  which  nuclei  are  of  significance  to  the 
nuclear  force  problem  is  that  empirical  data  from  the 
nucleon-nucleon  scattering  experiments  can  be  used  to 
make  predictions  about  observables  of  the  nuclei.  Due  to 
the  great  technical  problems  in  handling  the  many-body 
system,  the  empirical  data  concerning  nuclei  are  not 
very  relevant  to  the  understanding  of  the  forces  between 
two  nucleons.  For  these  reasons  we  shall  confine  our 
discussion  of  the  analysis  of  the’ empirical  data  to  the 
tv70~nucleon  scattering  experimental  data  only. 

The  empirical  data  of  these  scattering  experi¬ 
ments  consists  of  the  intensity  of  the  scattered  beam 
as  a  function  of  the  scattering  angle.  Additional  infor¬ 
mation  can  be  obtained  if  use  is  made  of  polarized  beams. 
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The  polarization  can  be  described  as  the  average  spin- 
state  of  the  particles  in  a  beam.  The  most  general  scat¬ 
tering  problem  (ref.  2)  is  that  of  finding  the 
polarization  and  the  intensity  of  the  outgoing  beam  as 
a  function  of  the  scattering  angle,  for  a  specified 
polarization  of  the  incident  becim. 

In  section  two  we  discuss  the  general  formalism 
that  is  used  in  handling  the  data  from  polarized  beam 
experiments.  The  analysis  of  the  data  is  greatly  fa¬ 
cilitated  if  we  assume  a  number  of  conservation  laws  to 
hold.  In  section  three  we  briefly  consider  the  various 
conservation 'laws .  The  conservation  laws  allow  us  to  ex¬ 
press  the  data  in  a  convenient  way  in  terms  of  a  limited 
set  of  parameters  :  the  Wolfenstein  parameters,  which  are 
a  function  of  the  energy  of  the  beam  and  the  scattering 
angle.  The  V^olfenstein  parameters  are  also  discussed  in 
section  three.  Another  Dossibility  is  to  descri.be  the 
experimental  data  by  a  set  of  phase  param.ete.rs .  This  is 
done  in  phase-shift  analyses  of  the  data.  The  conven¬ 
ience  of  phase-shift  analyses  is  that  theoretical  pre¬ 
dictions  are  usually  given  in  the  form  of  a  set  of 
phase  parameters.  The  phase  pa.raraeters  and  their  rela¬ 
tion  to  the  Wol fenstein  parameters  is  discussed  in  sec¬ 
tion  four. 

A  thi.rd  possibility  to  represent  the  data  is  to 
use  a  pote.ntial . Non-relativist ically^  one  can  solve  the 
two-body  problem  using  the  Schrodinger  equation  in 
vjhich  the  interaction  is  expressed  in  the  form  of  a 
potential.  This  concept  is  useful  in  the  non -relativistic 
regime  below  the  particle  production  threshold. 

We  can  distinguish  between  two  aims  in  the  po¬ 
tential  description.  One  is  to  represent  the  experimen¬ 
tal  data  as  a'.ccu.rately  as  possible  and  the  second  is  that 
it  should  be  convenient  to  use  in  many-nucleon  problems. 
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It  is  not  easy  to  combine  both  aims  in  one  potential. 

In  agreement  with  the  earlier  remarks  we  shall  be  inter¬ 
ested  in  potentials  which  are  primarily  constructed  to 
represent  the  nucleon-nucleon  scattering  data  correctly. 
The  potential  can  be  considered  as  an  alternative  way 
of  describing  the  experimental  data.  It  is  regarded  as 
a  virtue  of  a  potential  if  the  fit  can  be  made  with  rela¬ 
tively  fev7  free  parameters.  Besides  such  phenomenologi¬ 
cal  potentials^ one  can  design  potentials  using  meson 
field  theoretical  arguments.  These  are  generally  referred 
to  as  Boson  exchange  potentials.  We  shall  defer  the  dis- 
cussion  of  these  Boson  exchange  potentials  to  the  chap¬ 
ters  three  and  four.  In  this  chapter  we  shall  confine 
ourselves  mainly  to  the  phenomenological  potentials. 

In  section  five  we  show  hov7  the  phase  parameters 
can  be  derived  from  a  potential.  A  general  dJ.scussion 
abort  the  form  of  nuclear  potential  is  given  in  sec¬ 

tion  six.  A  brief  review  of  a  number  of  phenomenologi¬ 
cal  potentials  is  given  in  section  seven. 

A  problem  of  the  potential  approach  is  that  a 
potential  is  an  ill-defined  concept  in  a  relativistic 
description.  Relativistic  effects  may  be  incorporated 
to  some  extent  by  using  non-static^ or  equivalently^ non¬ 
local  potentials.  In  a  fully  relativistic  theory  how¬ 
ever,  there  is  no  place  for  potentials.  A  discussion  on 
the  importance  of  relativistic  effects  and  the  applica¬ 
bility  of  potentials  for  elastic  nucleon-nucleon  scat¬ 
tering  is  given  in  section  eight. 
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^ ^  The  Formal  Analysis  of  Polarization  Experiments 


The  state  of  a  nucleon  is  determined  completely 

if  we  know  its  momentum  and  spin  state  (for  simplicity 

V7e  leave  the  iso-spin  out  of  the  consideration  in  this 

section) .  One  can  therefore  describe  the  scattering  of 

-> '  -> 

two  nucleons  by  using  the  transition  matrix  M(k  ,k)  , 

s->-s  ’ 

In  this  expression^ the  spin  state  of  the  tv70  particles 
is  denoted  by  s  and  s',  respectively  for  the  initial 
and  final  states,  k  and  k  denote  the  relative  momenta 
of  the  two  nucleons,  respectively  before  and  after  the 
interaction.  The  matrix  elements  are  the  scattering 
amplitudes  of  the  final  states  Ik,s  >  for  a  given  ini- 
tial  state'  |k,s>  . 

In  scattering  experiments  usually  the  mo¬ 
mentum  can  be  considered  as  well-defined.  The  nucleons 
in  a  poliirizea  beam  or  a  polarized  target  are  in  gene¬ 
ral  not  in  the  same  spin  states, so  one  is  dealing  with 
mixtures  of  pure  spin  states. In  the  formalism  that  is 
used  for  dealing  with  such  situations^ the  mixed  state 
is  represented  in  terms  of  the  so  called  density  opera 
tor,  introduced  by  von  Neuman  (ref.  5) . 

In  this  section  we  indicate  how  the  observables 
are  related  to  the  transition  matrix. First  vje  consider 
the  density  operator,  which  is  used  to  describe  the 
spin  state  of  the  mixture .  A  density  operator  p  can  in 
general  be  written  as  : 


P  = 


=  1 


(1) 


Where  >  is  a  pure  state  and  p^^  is  the  fraction 

of  this  pure  state  in  the  mixture.  The  average  of  the 
expectation  value  of  a  hermitian  onerator  A  for  this 
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mixture  is  : 


<  A  >  =  E.  p,  <t.  |a|4'.>  , 

v/hich  can  be  written  as  : 


-  S.  E.  p.  <’i'.  X><A|A|'l'.> 

A  1^1  1  '  '  '  1. 


(2) 


=  ■  S. 


p.  <X  \A\^  .  . 

'  '  1  1 


A>  Tr(A  p  ) 


In  (2)  {|a>}  is  a  complete  set  of  states  and  Tr (  .  ) 
denotes  the  trace. 

We  now  consider  a  situation  in  v/hich  all  parti¬ 
cles  are  in  a  pure  eigenstate  of  the  momentum  operator. 
The  mixture  in  this  case  is  composed  of  the  different 
spin  states.  Vie  can  write  ^  therefore^  the  density  operator 
as  : 


P 


* 

o  ^  ^  I 


%><t. 


(£) 


E 

s 


(K)  =  1 


(3) 


In  (3)  |s>'  denotes  a  function  of  the  spin  variables  of 

the  two  nucleons  and  |  lt>  an  eigenstate  of  the  relative 

momentum  operator.  As  the  density  operator  is  heirmitian, 

we  can  alv/ays  take  for  the  complete  set  of  spin  functions 

{|s>}  orthonormal  one.  The  fraction  p  (jj)  for  the 

s 

various  pure  spin  states  may  in  general  be  dependent  on 

— y  -V  •  •  • 

k  ,  Vie  notice  that  p  (k)  is  an  operator  in  spin-space 
only. 

Vie  can  use  the  well-known  theorem,  which  says  that 
on  an  N-dimensional  Hilbert  space  there  act  N^-  independent 
hermitian  operators.  For  the  case  of  the  combined  spin- 
space  of  the  nucleons, we  can  therefore  write  each  spin 
operator  as  a  linear  combination  of  the  sixteen  opera¬ 
tors  {q1  a^}  ,  in  which  {aM  corresponds  to  a  Pauli 
V  y 
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matrix  or  the  identity  matrix.  The  labels  ^  and  ^ 
identify  the  nucleons.  For  those  operators  the  ortho- 
normality  relation  : 

1/4  Tra^  g^=  6  ^  6  holds.  (4) 

U  V  A  p  y  A  vp 

Therefore  p  ()t)  can  be  expanded  in  {a^  a^}  as  : 

^  y  V 

p  (k)=  1/4  Z  Trial  p  (it)  }  .  (5) 

yv  y  V  y  V 

The  expectation  value  of  a  spin-space  operator  for  a 
mixture  described  by  p  (it)  is  : 


<A  > 
s 

=  Tr 

{A^  P 

(K)  } 

(6) 

so  : 

A 

Q 

t— > 

0 

>  = 

Tr  {  a  1 

0^  p 

(K)  } 

(7) 

V 

k 

y 

V 

Comb in 

ing  ( 

5) 

and 

(7)  : 

P  (it) 

=  1/4 

E 

<  a  1  a 

^  >  .  a  1  0  ^ 

(8) 

y  V 

y 

V  y  V 

k 

From  (8)  we  see  that  the  spin  state  density  operator 

p  (it)  is  determined  completely  by  the  sixteen  quantities 

<  a  1  a  ^  >  .  ■ 

y  V 

As  the  relative  momentum  of  the  nucleons  is  well- 
defined  before  the  interaction  takes  place,  we  can 
describe  the  initial  state  of  the  nucleons  by  a  densi¬ 
ty  operator  p^^  of  the  form  3. 

The  density  operator  for  the  scattered  particles 
is  defined  by  : 

•j* 

p  =  M  p.  M  M  is  the  transition  operator  (9) 

SO  1 

By  substitution  of  (3)  in  (9)  we  see  that,  using 
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M  (k>k) =<k  M  k>  : 


o  (k  )=<k  |p_,^|k  >  =  M(k,3c  )  p.  (k)  ) 


(10) 


r  7^' 


Taking  the  trace  of  p  (k  )  with  respect  to  the  complete 

sc 

set  of  spin  states  {|s>}  ,  we  get  : 


Tr{D  (]<■..)  }  =  Z  ,  |m{£,£)|^  p.  ^(]c) 


sc 


s ; 


s->s 


1,  s 


(11) 


-y  -> 

where  p.  (k)  is  defined  for  p  . (k)  . 

1  ,  s  I 

From  the  definition  of  {M (k  ,k) }  as  a  set  of  scattering 

amplitudes,  we  can  interpret  Tr{pg^(k  )}  as  a  differen¬ 
tial  cross “Se^ction  : 


d.g 


.  r>- '  •> . 


,r> 


I  (k  ,k)  _  Tr{p  (k  )  } 

o 


(12) 


The  differential  cross-section  I (k  ,k)  is  a  measurable 

quantity,  as  are  in  principal  the  correlation  functions 

<a^  o^>  (if  or  is  the  identity  iiiatrix,  we  have 

y  V  y  y  V  ^ 

J'v 

in  fact  a  polarization  component).  We  can  derive  a  useful, 
relation  betv/een  these  observables  and  the  transition  matrix 
elements.  VJe  can  write  : 


p  (k  )  =  <k  |M|k>  {1/4  Z  <0^  a^> 
^sc  '  '  yv  y  V 


1  ^  <k|M^lk  > 


y  V 


1/4  Z  <0^-  0^>  .  Z.,  Z(k  ,k)  0^  0^- 

y  V  y  V  y  Xp  ;  X  p 

k  y  V  ,  Xp 


V7here  : 


Z  (k  ,}t)  =  1/4  TrCoj^  0^-  <k  |M|k>  0^  0^  <k|M‘  jk  >} 
yv,Xp  •  ^ 

1  2  Tr{0 J  0^  p  (k  )  } 

_ P  . .  '  yv->Xp 


^  1  n  yi,,tiy* 


X  p 


it 


Tr{p  (k  )  } 

oC 


which  is  a  generalization  of  (6) . 
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And  since  there  is  no  correlation  between  the  spins  in 
the  initj.al  state,  v/e  can  write  : 


<  0 


a2> 


<a^  > 


<  a  2  > 

^  it  ^  K 


(15) 


Combining  (5)  ,  (12) ,  (13) ,  (14)  and  (15)  we  get 


I  (k  ,k)  <aj  a2>  E  <a^>  <a^>  .  Z  (k  ,k)  (16) 

Xp:r»-  yvy^  / 

k  ^  "^k  k  yv,Ap 

->•  * 

We  notice  that  there  are  256  elements  Z  (k  ,k)  and  only 

yv,Ap 

16  relations.  It  should  be  remembered  however  that  there 
are  16  complex  spinspace  elements  of  M(k  ,k)  ,  there¬ 

fore  at  most  32  real  numbers  are  needed  to  specify  these 
elements  completely.  From  this  consideration  it  is  clear 
that  the  256  elements  are  not  independent.  Furthermore  we 
have  not  yet  exploited  the  i'estrictions  due  to  the 
various  conservation  lav/s. 

If  the  initial  polarizations  <a^>  are  fixed 

“  ■)'  * 

and  we  know  the  elements  Z(k  ,k)  then  we  can  calculate  the 

II V  ,  Ap  ^ 

].ef  thand-side  of  (16). One  can  measure  I  (k  ,k)  and  at  least 

in  principle  {<aj  a2>  ,}  .  Notice  that  we  cannot  direct- 

X  p  g 

ly  calculate  the  elements  from  the  correlation  functions 
and  the  differential  cross-sections. 

A  detailed  discussion  on  the  experimental  determi¬ 
nation  of  polarizations  and  correlation  functions  is  given 
in  reference  2. 


*)  In  reference  2  the  summation  sign  is  missing. 
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3)  Invariances  and  Wolfenstein  Parameters 


Without  taking  the  various  invariances  into  con¬ 
sideration^  one  needs  at  most  32  real  numbers  to  determi¬ 
ne  the  spin-space  matrix  of  M  .  Due  to  the  invariances^ 
this  number  can  be  reduced  to  6,  if  charge  independence 
is  not  taken  into  account.  Assuming  charge  independence, 
one  gets  the  nrimber  down  to  5.  We  shall  first  briefly 
discuss  these  invariances  and  then  we  show  how  this  re¬ 
duction  comes  about. 

At  present  no  violation  of  the  conservation  lav7S 
for  energy ,  moment  urn  and  angular  momentum  are  known.  So 
these  conservation  laws  can  certainly  be  used.  We  shall 
restrict  ourselves  to  energies  in  which  inelastic  effects 
due  to  meson  production  can  be  ignored.  The  lightest 
meson,  the  pion,  has  a  mass  of  140  MeV.  .  This  implies 
that  we  shall  be  interested  in  laboratory  kinetic  ener¬ 
gies  up  to  aDout  350  MeV.  .  Inelasticities  due  to  Brehm- 
strahlung  can  occur,  but  we  shall  confine  our  attention 
to  elastic  processes  only.  For  elastic  processes  we  can 
V7rite  : 

|f-  I  =  l>^l  =  k  (17) 

As  is  v7ell~known^  the  situation  with  respect  to 
the  conservation  of  parity  is  different,  because  the 
weak  interactions  are  not  invariant  under  space- inver¬ 
sion.  Indeed  the  existence  of  parity  non-conserving  com¬ 
ponents  in  the  nucleon-nucleon  interaction  seems  to  be 
well-established  by  now.  Evidence  comes  from  observa¬ 
tions  other  than  elastic  nucleon-nucleon  scattering 
experiments  (ref.  6,7).  The  weak  interaction  is  about 
one  million  times  v/eaker  then  the  strong  interaction, 
which  preserves  parity.  One  expects  therefore  that  the 
effects  of  the  parity  non-conservation  are  negligible 


in  nucleon-nucleon  scattering.  Indeed  as  reported  by 
Giicker  and  Thorndike  (ref.  8)^  the  ratio  of  parity  non¬ 
conservation  amplitudes  to  the  amplitudes  from  the 
parity  conservation  part  of  the  interaction  is  -0,005. 
The  level  of  experimental  accuracy  is  only  of  the  order 
of  1%  of  the  observables.  Therefore^ in  the  analysis  of 
free  nucleon-nucleon  scattering  experiments^ one  can 
consider  parity  to  be  a  conserved  quantity. 

Time-reversal  (T)  is  related  to  the  parity 
operation  (P)  and  charge  conjugation  (C)  through  the 
CPT-theorem  (ref.  9) ,  which  follows  from  local  field 
theory.  The  combined  CPT-invariance  for  strong  interac¬ 
tions  is  firmly  established.  Experiments  indicate  that 
the  strength  of  a  possible  CPT-invariance  violating  part 

in  the  strong-interaction  Hamiltonian  can  be  at  most 
-15 

10  of  the  CPT-invariant  part.  Violations  of  the  com¬ 
bined  CP-invariance  were  discovered  in  1964  in  the  decay 
of  the  neutral  K-meson.  It  v^as  pointed  out  thac  the  ob¬ 
served  CP-invariance  violation  and  the  CPT-theorem  can 
be  accounted  for,  if  one  assumes  the  existence  of  a 
T-invariance  violating  part  in  the  strong-interaction 
Hamiltonian.  However  experiments  indicate  that  a  possi¬ 
ble  T-invariance  violation  in  strong  interactions  is  too 
small  to  this  end.  No  empirical  evidence  exists  for  T- 
invariance  violation  in  strong  interactions. 

A  discussion  on  P,  T,  and  C~invariances  can  be 
found  in  the  references  6  -  11. 

The  last  invariance  of  interest  is  charge 
independence.  Charge  independence  states  that  the  strong 
interaction  is  invariant  under  rotations  in  iso-spin- 
space.  Crudely  speaking^ the  charge  independence  hypo¬ 
thesis  assumes  that  the  strong  interaction  does  not  de¬ 
pend  on  the  charge  of  the  nucleons.  A  problem  with 
charge  independence  is  that  it  is  very  difficult  to  make 


a  clear  distinction  between  interactions  due  to  electro 
magnetic  effects  and  the  proper  strong  interaction  (ref 
1,  12).  The  most  trivial  of  these  electro-magnetic  ef¬ 
fects  is  the  Coulomb  force  which  acts  between  p-D  pairs 
but  not  betv/een  n-n  and  p-n  pairs.  Other  electro-mag¬ 
netic  effects  are  vacuum  polarization  ,  (the  by  the 
proton  charge  induced  virtual  electron-positron  pair 
creation  (ref.  13) ) ,  magnetic  forces  due  to  the  magnetic 
moments  of  the  nucleons  and  effects  due  to  masS'  diffe¬ 
rences  between  proton  and  neutron.  Furthermore  there 
are  effects  that  become  clear  in  a  meson  theoretical 
description,  such  as  mass  differences  betv/een  diffe¬ 
rently  charged  mesons.  Due  to  these  effects  it  is  not 
expected  that  the  interaction  between  n-n,  p-n  and  p-p 
pairs,  after  one  has  corrected  for  the  Coulomb  force, 
is  exactly  the  same.  Kov/ever  estimates  of  the  effects 
mentioned  show  that  these  are  relatively  sm.all,  com-  ■ 
pared  to  experimental  error  (ref.  i)..  It.  should  be 
mentioned  that  the  data  in  very  low  energy  scattering 
expejriments  (below  10  MeV.  lab.  kin.  energy)  are  more 
accurate  and  it  is  in  this  energy  range  that  the  as¬ 
sumed  charge-  independence  usually  is  tested.  Indeed 
observations  of  violations  in  these  experiments  have 
been  claimed  (ref.  12) .  Therefore  with  a  possible 
exception  of  the  analysis  of  the  low  energy  data, 
one  is  justified  in  using  the  charge  independence  hy¬ 
pothesis  (ref.  14,  15). 

Using  the  invariance  conditions  under  space- 
rotations,  space-reflections  and  'time-reversal  we  can 
determine  M(k  ,k)  by  a  set  of  6  so  called  Wolfenstein 
param.eters.  If  V7e  furthermore  assume  charge  indepen¬ 
dence,  v/e  can  parametrize  M  (k  ,k)  by  5  VJolfenstein 

■>  '  -v 

parameters.  These  parameters  determine  M(k  ,k)  com¬ 
pletely  as  a  function  of  the  energy  of  the  relative 
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motion  (  )  and  the  scattering  angle  (  -K  .  )  .  The 

result  is  obtained  by  constructing  the  most  general  form 
of  M (k  ,k)  which  satisfies  the  required  invariance  con¬ 
ditions. 

First  we  construct  the  most  general  form  of 
M(ic  ,i,)  ,  which  transforms  as  a  scalar  under  space-ro¬ 

tations  and  reflections.  To  achieve  this,  we  combine 
the  16  two-nucleon  spinspace  elements  into  all 

^  ^  P  V 

possible  combinations  with  well-defined  transformation 
behaviour  under  space-rotation  and  inversion.  These  are 
listed  in  table  1. 


table  1 


combinations  of 

y  V 


transformation  behaviour 
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y  V  .  y  V  V  y 


scalar 

scalar 

pseudovec  for 
p  s  e  udo  ve  c  to  r 
pseudo vector 
symmetric  tensor 


These  spin-space  operators  should  be  combined  with 
all  possible  combinations  of  the  momenta  components  with 
a  similar  transformation  behaviour ; these  are  listed  in 
table  2. 
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table  2 


combinations 

of  (k ' , k  } 

]i  V  • 

1  transformation  behaviou] 
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1  scalar 
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E  k  X 

k 

1  pseudovector 
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y 

n 

V 

1  symmetric  tensor 

K 

K 

1  symmetric  tensor 

y 

P 

V 

P 

- 

1  symmetric  tensor 
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K 

V 

p  -y  } 

K 

1  symn^etric  tensor 

y 

V 

V  y 
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V7here  :  K2’K-k  ;P  =  k  +k.  These  forms  may  be 
multiplied  by  arbitrary  functions  of  the  scalars 
^  .k  and  k^  . 


By  multiplying  forms  with  a  similar  transforma¬ 
tion  behaviour  of  table  1  and  table  2,  V7e  find  the  re¬ 
sulting  scalar  forms  : 


table  3  (scalars) 
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(al.  K)  (5?-.K) 

(a^  P)  (a^.  p) 

{  (a^.  P)  (0^.K)  + 

(?1.K)  (J2.P)} 


Not  all  these  scalar  combinations  are  independent.  The 
symmetric  tensor  combinations  (middle  column)  are  equi¬ 
valent  to  the  three  combinations  in  the  right  column. 

Next  we  examine  v;hich  of  these  forms  is  also  in¬ 
variant  under  time-inversion.  From  : 


■^1 
a  T 


-)-i  - 1  ->• 

-a  T  n  T 

K  T  P  T 


-)- 

-n 


-P 


(18) 

T  :  time-inversion- 
operator 


K  T 


we  see  that  : 


- 1 


T 


a  ^ ) . n  (19a) 

T  =  -{  (a"l.P)  (a2  K)  + 

(2-2.  (Si.?)} 


(19b) 


Therefore  these  forms  are  ruled  out. 

If  we  only  consider  p-p  or  n-n  scattering  then 

^  1  I 

because  the  particles  are  identical,  <k  |Mik>  should  be 
invariant  under  the  exchange  of  the  particle  labels  1 
and  2.  This  ..rules  out  (gl  -  a2),n  .  If  we  also  impose 
the  condition  of  charge  invariance  then  this  term  is  al¬ 
so  ruled  out  for  the  case  of  p-n  scattering. 

From  these  considerations  .  v/e  find  the  most  gene- 
->-  *  -> 

ral  form  of  M(k  ,k) ,  which  meets  the  invariance  re¬ 
quirements  : 


M  (k 
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A  +  B  (a 


->■ 
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2  _ 


1 )  +  C  ( a  1  +  a 


-> 


2  \ 


n 


+  D  ( O'  1 .  K )  ( a 


/ 


+  E(Sl.  P)  (S2  ?) 


(20) 


In  this  form^the  Wolfenstein  parameters  A,B,C,D  and  E  are 

in  general  functions  of  k2  and  k  .k  . 

It  is  possible  to  express  the  coefficients 

Z (k  ,k)  in  terms  of  these  5  Wolfenstein  parameters, 
y  V ,  Xp 

Complete  lists  of  these  expressions  can ^ for  instance^ be 

found  in  the  review  article  by  Macgregor,  Moravcsik  and 

Stapp  (ref.  2) .  Furthermore  it  should  be  mentioned  that 

->  *  ->• 

other  ways  of  parametrizing  M(k  ,k)  then  according  to 
(20) ,  are  used. 
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4)  The  Phase  Parameters 


Theoretical  predictions  about  the  results  of 

scattering  experiments  are  usually  given  in  the  form  of 

a  set  of  phase  parameters.  We  have  indicated  how  the 

observables  can  be  used  to  determine  the  transition 

matrix  M(k  fk)  .  in  this  section  we  shov/  how  the  set 
s-^s ' 

of  phase  parameters  can  be  extracted  from  the  transition 
matrix.  The  theoretical  phase  parameters  can  be  compared 
to  these  experimental  ones. 

The  phase  parameters  are  related  to  the  T-matrix^ 
so  one  needs- ‘a  relation  between  the  T-matrix  and  the  M- 
matrix.  We  shall  first  derive  this  relation  and  then  we 
show  what  the  relation  is  between  the  T-matrix  and  the 
phase  parameters.  V7e  begin  by  considering  the  situation, 
without  the  Coulomb  field;  after  the  derivations  we  indi¬ 
cate  what  modifications  are  necessary  to  include  a 
Coulomb  fields  for  the  case  of  p-p  scattering. 

The  solution  of  a  stationary  scattering  problem 
for  large  distances  between  the  particles  can  be  written 
as  :  . 

y - (21) 

r-^co  in  sc 

1 .  and  1  represent  respectively  the  incoming  and 

the  scattered  waves. We  shallin  this  discussion  confine 
ourselves  to  the  simplifying  case  in  which  the  beams 
consist  of  particles  in  a  pure  spin  state. 

V7e  use  the  singlet-triplet  representation  |s,m  > 
and  approximate  the  incoming  beam  by  a  plane  wave  which 
travels  in  the  direction  of  the  positive  z-axis: 

'1' .  =  e^^^  |S,m  >  (22a) 

in  '  s 

=  (411)  [i^  j.  (kr)]  Y(g  )  |  Sm  > 

L  411  L  ^  Q  s 


(22b) 


1 


In  (22b)  we  have  applied  the  Bauer  expansion  of  the 
plane  wave  (ref.  16)^  j^(kr)  is  a  spherical  Bessel  func¬ 
tion,  arid  Y(fi)  is  a  spherical  harmonic  function. 

L,  0 

For  large  values  of  r  V7e  get  : 


'F  . 


in  r->'»  2ikr 


4ll  E  [ 


‘L  '  4n 


Yin)  Sm  > 
L,  0  ^ 


(23) 


Vie  shall  use  the  notation 


1 ,  ikr  “ikr^  i  _  i  o 

V  .  - 3^  "(e  -e  ) 

i.n  r-^^  r  iff  k,.in 


(24) 


The  scattered  wave  for  the  incoming  beam  (22b) 
can  be  v/ritten  as  : 
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S  '  m  ’  > 


k  f  sc 


(25) 


denotes  the  direction  of  k  v/ith  respect  to  the  z-axis 
The  T-matrix  can  be  introduced  by  ; 


=  T  \n,o^,o'^>y 

i\.  /  OCf  A.  ; 


in 


(26) 


From  the  formulas  (23)- (26)  we  c^m  conclude  : 
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S 'm' >  = 
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4n  ^  .2L-fl-,l/2 

2ik  ^  4][  •' 


.T  Y(S)  ISm  > 

•  c; 

L,0 


(27) 


M(k  ,k)  can  be  exnanded  in  spherical  harmonics 

Sm  ->S  '  m ' 
s  s 
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*  f 


,  I 


r  -  1  •.  i,.  -  V 


{  ».• 


« 


.  \ 


•/ 


(28) 


M{)c  ,ic)  =  2t  I  t  M  (L'm' S 'm' ,Sra  )  Y(n) 

Sm  ->S’m'  ^  k  ^  ^  L’m' 

s  s  li 

From  the  completeness  of  the  set  {Y(fi)  |Sm^>}  we  find 

the  relation  ; 


M ( L ' m ' S  m ’ , Sm  ) 
,  L  s  s 
k 

where  : 


(2LH-1)^/^  <L'm;s’m'|  T 

1 K  L  L  S 


LOSm  > 
s 


(29) 


<L‘m;s’m'  T  LOSm  >  =  /  Y  (Q)  <S’m'  T  Sm  >  Y(fi) 

L  s'  '  S  s'  '  B 

(30) 

Because  of  the  conservation  of  parity,  charge  indepen¬ 
dence  and  the  Pauli  principle,  the  magnitude  of  the  spin 
is  conserved.  In  order  to  exhibit  the  consequence  of  the 
rotational  invariance  more  clearly,  we  tra.nsform  from 
the  {Lm^Sm  }  -representation  to  the  {JMLS}  -represen- 
tation,  in  v/hi.ch  J  is  the  total  angular  momentum  of 
the  system  and  M  its  z~component  : 


I  Lm,.  Sm  >  =  L'  { LSm^  ni  I  JM )  |  JMLS  >  (31) 

L  S  ij  S 

where  (LSm^m  JM)  is  a  Clebsch-Gordan  coefficient. 

The  matrix  element  <J'M'L'S' ]  T  |jMLS>  is  diagonal  in 
J  and  independent  of  M  due  to  the  rotational  inva¬ 
riance.  So  we  see  that  : 

M(L'mlSm  ;Sm')  =  ..  (2L+1 )  ^^^  <JML'S|  T  |jMLS>. 

,  LS  S  IKi-jJ 

k 

.Z,  rL'Sm>'  IjM)  (LSOm^lJM)  (32) 

MLS  •-5 

S  takes  only  the  values  0  and  1  ,  therefore  the  only 
non-vanishing  matrix  elements  are  ; 
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singlet  case  :  S=0 


(33) 


T. 


=  <JM  L=J  0  T  JM  L=J  0> 


triplet  case  :  S=1 


T 


J,  J 


=  <JM  L=J  1  T  JM  L=J  1> 


^  =  <JM  L=J±1  1  T  JM  L=J±1  1> 
J±1,J  '  ' 


,J 


=  <JM  L=J±1  1  T  JM  L=J5:i  1> 


(34) 


In  these  expressions  vie  used  the  notation  of  Stapp, 
Ypsilantis  and  Metropolis  (ref.  17) .  Time-reversal  inva¬ 
riance  requires  the  T-matrix  to  be  symmetric,  so  the 

j 

tv7o  elements  T  are  equal.  The  S-matrix,  v/hich  is  rela¬ 
ted  to  the  T-matrix  by  S.  .  =  T.  .  6.  .  should  be  uni- 
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tary.  This  is  a  consequence  of  the  required  conserva¬ 
tion  of  probability.  The  unitarity  requirement  leads 
to  a  description  of  the  T-matrix  in  terms  of  phase-para¬ 
meters. 

The  unitarity  of  the  S-matrix  implies  that  the 
T-matrix  elem.ents  T, 


■J 


and  T  can  be  written  as 

J  /  J 


for  the  singlet  case 
for  the  triplet  case 


T. 


2i6\ 
=  e  J 


1 


J  ^  J 


(35a) 

(35b) 


6^ 

J 


and  6^  are  real. 
J 


where 

In  the  spin-triplet  case  the  two  states  for  L=J+].  and 
L=J-1  are  mixed.  Due  to  this  mixing  we  can  not  describe 
the  scattering  in  terms  of  phase-shifts  only.  A  para- 
metrization  v'hich  meets  both  the  unarity  and  the  synime- 
try  requirements  is  : 


T^,^  ^  =  COS2C.,  e"""J±l,J  -  1 

Ji 1 , J  J 

J 


2i6 


(36a) 


T 


=  isin2e  J  e^^^J+l,J  ^  "^J-ljJ^ 


(36b) 
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6^,,  ^  and  6^  t  ^  are  the  so 

vJ  I  J_  ^  iJ  lJ  "*  J_  ^  lJ 


In  these  expressions  e  ^  is  the  mixing  parameter,  which 

l) 

is  a  measure  of  the  extent  to  which  the  L=J+1  and 
L=J-1  states  are  mixed, 
called  bar  phase-shifts  (ref.  17  ) .  We  notice  that 
there  are  5  phase  parameters  for  each  value  of  J  .  The 
relations  between  the  Wolfenstein  parameters  and  these 
phase  parameters  are  obtained  through  equations  (20) , 

(29),  (32)-(36). 

It  is  convenient  for  reference  in  the  next  sections 
to  develop  this  formalism  a  little  further.  After  substi¬ 
tution  of  (21),  (22),  (25)  and  (20)  into  (32)^ the  solu¬ 

tion  of  the  -scattering  problem  for  large  values  of  r  in 
terms  of  the  T--matrix  elements  i.s  found  to  be  : 
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(LOSrn^^l  JM)  |  JMLS> 


^  E^j  .jM  (LOSmJjM)  . 


<  JML  ’ST  JMI.S  >  JML '  S  > 


(37) 


The  nuclear  force  has  a  finite  range  R  .  The  wave 

functions  outside  this  region  of  interaction  can  be  ana- 

ly  zed  in  terms  of  partial  waves.  We  consider  the  solutions 

of  the  radial  Schrodinger  equation  for  r>R  v/hich  have 

d-k.ir 

the  asymptotic  form  ^  e^ _  and  ^  e _ respectively. 

kr  kr 

These  solutions  can  be  written  as  0^.  (kr)  and  I  (kr)  : 
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(38) 


0  (kr)  and  I^.  (kr)  are  related  to  spherical  Hankel  func- 
tions  h  (kr)  and  h, (kr)  by  : 


0^  (kr)  =  i^  h^  (kr)  and  I^.  (kr)  =  (-i)^  h  (kr) 

L  J-j 


(39) 
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we  find  for  the 


Using  the  relation  T..  =S..  ~  6.. 

ID  ID  ID 

wave  function  for  r>R  ,  but  not  necessarily  r->“  : 

'^'r>R  ^  T  ^LL'JM  ^2L+1)  ^  (LOSm^|jM)  . 

.{"I^(kr)  -f-  Oj.  ,  (kr)  <JML' S  I  S  I  JMLS>  }  . 

.|JML'S>  (40) 


Ij  (kr)  can  be  interpreted  as  an  incoming  spherical  wave 

and  0  , (kr)  as  an  outgoing  spherical  wave.  The  S-matrix 
JL; 

element  in  th^e  bracket  of  (40)  determines  the  probability 
of  a  resulting  outgoing  v;ave  0  ,  (kr)  for  an  incoming 
wave  (kr)  ,  for  a  total  angular  momentiom  J  f  M  and 

a  spin  magnitude  S  . 

In  case  of  p-p  scattering  we  have  to  include  the 
Coulomb  potential.  Usually  one  makes  the  approximation 
that  inside  the  region  of  the  strong  nucleon-nucleon 
interaction ^ the  Coulomb  potential  can  be  neglected.  In 
view  of  the  relative  strength  of  the  strong  interaction^ 
this  approximation  is  reasonable.  In  this  case  we  can  de¬ 
fine  the  nucleon  phase  parameters  in  a  similar  v/ay  as 
vjithout  the  Coulomb  force  (ref.  2).  The  difference  from, 
the  above  formalism  is  that  instead  of  the  spherical 
Hankel  functions  h  (kr)  and  h  (kr)  we  have  to  use  re- 

Li  ij  ,  .  '  ‘ 

IL-  0 

spectively^ the  Coulomb  functions  u^(kr)  e  L  and 
u^  (kr)  e  .  The  Coulomb  functions  are  solutions  of 

the  radial  Schrodinger  equation  in  which  the  Coulomb  po¬ 
tential  is  included  in  the  Hamilton  operator,  u^ (kr) 
and  Ut-  (kr)  have  the  asymptotic  form  : 
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is  the  Coulomb 


In  the  notation  of  Messiah  (ref.  16)  a. 
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G  ^ 

phase-shift,  y  =  snd  v  the  incident  velocity. 

In  the  preceding  discussion  we  have  indicated  how 
the  observables  are  related  to  the  phase  parameters.  It 
is  however  not  at  all  trivial  to  calculate 
the  phase-shifts  directly,  once  the  observables  are  known 
(ref.  18) .  Although  one  can  calculate  the  observables  if 
we  know  the  phase-shifts.  The  way  in  which  one  proceeds 
is  as  follows  One  assumes  a  plausible  set  of  phase- 
shifts,  calculates  the  observables  and  compares  these 
with  the  experimental  data.  Then  one  tries  to  improve  the 
fit  by  a  systematic  alternation  of  the  phase-shifts.  In 
this  process’  one  aims  at  minimizing  : 

A  .  2 

y^(6)  =  Z?(— ^)  A.  :  the  difference  of  the  ex- 

^  perimental  and  calculated 

value  of  the  observable  i 
e  ..  “.  the  experimental  error 

II 

n  :  total  number  of  data 

(42) 

The  quantity  {&)  is  generally  referred  to  as  the 
'goodness  of  fit ' parameter^  although  Signell  (ref.  20) 
calls  it  the  'badness  of  fit '  parameter ,  v/hich  may  be 
more  appropriate.  Phase-shift  analyses  have  been  perfor¬ 
med  by  a  number  of  groups.  Especially  known  are  those  of 
Arndt  and  MacGregor  from  Livermore  and  those  of  Breit 
and  his  Yale-group.  A  typical  value  for  the  goodness  of 
fit  per  data  point  is  about  1  for  laboratory  energies 
less  then  400  MeV.  (ref.  1) . 
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5)  Phase  Parameters  and  Potentials 


In  the  previous  section  we  saw  how  one  represents 
the  empirical  data  by  a  set  of  phase  parameters.  Another 
possibility  is  to  use  a  phenomenological  potential  from 
which  phase  parameters  can  be  derived,  which  are  in 
agreement  with  the  experimentel  data.  The  degree' to  which 
such  a  phenomenological  potential  is  adequate,  is  given 
by  the  'goodness  of  fit ' parameter . 

The  reason  one  wants  to  do  this  can  be  that 
theoretical  arguments  are  available  to  partially  justify 
the  use  of  a  given’  form  of  the  potential. 

Furthermore  a  potential  can,  in  conjunction  with  a 
Schrodinger  equation,  be  used  to  calculate  properties 
of  many-body  systems.  If  one  looks  for  appJ.ications  to 
many-body  systems  one  should  keep  in  mind  that  a  very 
precise  fit  to  on-shell  data  in  nucleon-nucleon  scatte¬ 
ring  does  not  necessarily  imply  that  the  off-shell  data 
are  well-described.  Last  but  not  least^a  consideration 
is  that  a  potential  is  a  very  familiar  concept  which  can 
lielp  to  get.  some  insight  in  the  properties  of  the  inter¬ 
action  . 

In  this  section  v/e  shall  show  }iow  potentials  can 
be  related  to  the  phase  parameters  as  defined  in  the 
previous  section. 

The  Schrodinger  equation  for  two  nucleons  which 
interact  through  a  potential  V(r,a^,a^),  in  which  f 
is  the  relative  position  of  the  nucleons,  is  : 

{A  -  ^v{r,o‘,j2)  +  kU  ¥(k,?,ol,o2)  =  0  (43) 

h2 

We  assume  that  the  mass  of  both  nucleons  is  the  same. 

The  set  of  functions  {|jMLS>}  as  defined  in  (31)  is 
orthonormal  and  complete.  We  can  expand  'l' (k ,  r ,  a ^  )  in 
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this  set.  Either  the  spin-singlet  or  the  spin-triplet 
case  can  be  considered,  as  these  do  not  mix  : 

H'Jk,r,?So2)  =  i  u(kr)  |JMLS>  (44) 

S  JML  r 

By  substitution  in  the  Schrodinger  equation  we  can  de¬ 
rive  for  the  radial  part  : 


d2  2  ._2 

{2 —  +  ~Xj'  (L'+l)r  }  u(kr)  = 

dr^  JML'S 

_  2 

i:  mti  <JML'S|  V(r,aSa2)  |jMLS>  u(kr)  (45) 

JMLS 

In  (45)  we  employed  the  rotational  invariance  of  the  po¬ 
tential.  Without  potential,  (45)  reduces  to  : 


.f  }r  --L'  (L'+l)r  }  kr  i^  ,  (kr)  =0  (46) 

dr  2 


j  , (kr)  is  the  regular  spherical  Bessel  function.  By 

L  j 

multiplying  (45)  on  the  left  hand  side  by  kr  i'  (kr) 

and  (46)  by  u(kr)  ,  we  get  by  subtraction  of  the  two 

JML '  S 

equations  and  an  integration  over  r  : 


lirn  k.i^'  |  W{r  j..  ,  (kr )  ,  u  (kr )  }  - 

JML '  S 

V(r,al  ^-^2)  I  jMLS> 

where  W{ . , . }  is  the  Wronskian.  From 
see  that  : 


r-^-TO  0 

,R 

SL.  /dr  <JML'Sl 

ij  A’  O  ^ 


u(kr)  kr 
JMLS 

(40)  and 


j  , (kr) 

1j 

(47) 
(44)  vje 


lim  u(kr)  =  (2L+1)  (L0Sm^|jm^). 
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After  substitution  of  (48)  in  (47)  and  v/orking  out  the 
Wronskian,  we  get  : 


i  “L 


Z_  (2L+1)^/^  (LOSm^  I  Jrn^.)  {6^,^  -  <  JML '  S  |  S  |  JMLS>  }  = 

I  .  So  I  .  I  .  •  ' 


L'L 


2  ^ —  /dr  <JML'S|  V(r,al,a2)  |JMLS>  u(kr)  r  , (kr) 

^  0  JMLS 


(49) 


Using  (49)  and  T.  .  =  S.  .  -  6.  .  ,  v/e  can  identify  : 

19  19  19 


<JML'S  T  JMLS>  = 


.L'+l 

m.i 


/f  ti2  (2L+1)  1/2  (L-QSm  |jm  ) 


s '  s 


/dr  <lTML'S|  V(r,al,a2)  |JMLS>  u(kr)  r  j  , 
0  JMLS 


(50) 


So  we  find  the  following  relations  between  the  phase 
para.meters  and  the  r>otent.ia].  ; 
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in  the  first  order  Born  approximation  we  replace  u(kr)  in 
the  integral  by  : 


JMLS 


2/Tr  (2L+1)-^'/^  {LOSm  IjM)  kr  i^  (kr) 

S  L 


(52) 


The  factors  in  (52)  are  found  from  the  asymptotic  beha¬ 
viours  of  u(r)  ,  (ea.  48)  and  j  (kr) .  Using  (50)  and 
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The  phase  parameter  expressions  of  the  T-matrix  elements 
can  be  expanded.  In  first  order  Born  approximation,  we 
retain  the  first  order  term.  We  find  : 
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In  reference  19  it ■ is  shown  that  the  phase-shifts 
with  orbital  angular  momentum  quantumn umber  L  (L^^O) 
are  influenced  very  little  by  the  behaviour  of  the  po¬ 
tential  at  distances  smaller  than  one  half  of  the  impact 
parameter  b_  ,  where  : 

1j 

b  =  i  /l(L+1)  (55) 

JC 

One  can  understand  this  result  by  considering  the  form 
of  the  spherical  Bessel  functions  which  appear  in  the 
relations  (51) .  For  a  few  values  L  these  are  shown  in 
graph  1 . 


fi2ure_l  :the  spherical  Bessel  functions  j^(z);  j  (z) 

and  j  (z)  ^ 

2 

Classically  the  impact  parameter  represents  the  nearest 
approach  of  the  nucleons.  In  general  the  Born  approxi¬ 
mation  holds  if  the  strength  of  the  interaction  is  not 
too  great.  The  interaction  decreases  with  increasing 
distance  between  the  nucleons.  One  may  therefore  expect 


( 


I 


■ 


that  for  not  too  lov;  values  of  L  and  not  too  high  va¬ 
lues  of  k  ,  the  Born  approximation  is  justified.  From 
graph  1  one  notices  the  strikingly  different  behaviour 
of  from  the  other  spherical  Bessel  functions. 

Large  contributions  to  the  integrals  in  the  relations 
(51)  occur  for  small  values  of  k 
deuteron  state  appears  for  k=0.233  fm 


The  bound 
-1 


The  cm-mo- 

mentum  k  is  related  to  the  laboratory  kinetic  energy 

-1 


by  (MeV. ) =83  k^ 


.  Therefore  the  k=0.233  fm 
corresponds  to  Et^^^  --4.452  MeV.  (ref .  20).  The  Born 


lab . 

approximation . can  be  justified  for  the  S-waves  for  lar¬ 
ge  values  of  the  energy  only. 

z, 


We  denote  the  first  zero  in  jQ^^:)  by 


0 


From  equations  (54)  one  expects  that  the  S-wave  phase- 
shift  will  decrease  as  a  function  of  energy  for  k>ZQ/R 
where  kQ=z^/R  corresponds  to  a  laboratory  energy  of 
about  80  MeV.  ,  if  we  assume  R-3  fm.  The  S-v/ave  phase- 
shifts  are  shov/n  in  figure  2. 


fi2ure_2:the  and  phase-shifts  (ref. 20) 
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The  low  energy  behaviour  of  the  S  phase-shift 

1 

reflects  the  existence  of  the  deuteron  bound  state.  A 
detailed  discussion  on  the  analysis  of  the  low  energy 
phenomena  can  be  found  in  reference  4. 

Figure  2  also  shows  the  phase-shifts  for  the 
singlet  P-wave.  As  can  be  expected  from  the  behaviour 
of  j  (z)  ,  it  increases  as  a  function  of  the  energy. 

The  fact  that  it  is  negative,  indicates  that  the  poten¬ 
tial  is  repulsive  in  this  state.  This  can  be  seen  from 
equations  54  .  Similarly^,  an  attractive  potential 
corresponds  to  a  positive  phase-shift. 
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6)  The  General  Form  of  the  Potential 


The  invariances  which  hold  for  the  strong  inter¬ 
actions  limit  the  possible  forms  of  the  interaction  po¬ 
tential.  In  this  section  we  shall  discuss-  the  general 
form 'and  consider  briefly  the  behaviour  of  the  various 
terms  in  it. 

The  Dotential  should  be  a  time-reversal  invariant- 

scalar.  Furthermore  we  assume  charge  independence.  Due  to 

the  identity  of  the  nucleons,  the  potential  should  be 

invariant  under  the  exchange  of  the  particles.  Wigner 

and  Eisenbud  worked  out  a  general  form  of  the  potential 

that  meets  these  requirements  (ref.  22 ). Furthermore  they 

imposed  the  ad-hoc  restriction  that  the  relative  momen- 

turn  k  can  appear  at  most  linearly  in  the  potential. 

This  condition  is  of  course  not  necessarily  true,  but  it 

V7as  hoped  to  be  a  reasonable  simplication .  The  condition 

holds  for  instance  also  for  atomic  electrons.  For  some 

time  one  had  hoped  that  a  fit  to  the  data  could  be  made 

under  the  even  more  severe  restriction  that  no  momentum 

dependence  is  included  at  all.  Hov/ever  one  could  show 

that  a  significant  improvement  of  the  fit  is  possible  by 

~¥‘ 

the  inclusion  of  a  spin-orbit  term,  in  which  k  appears 
linearly  (ref.  23) .  Especially  for  energies  above  100  MeV. 
this  improvement  was  considerable. 

The  general  form  of  the  potential  can  be  found  in 
a  similar  way  as  in  the  case  of  the  transition  matrix.  The 
potential  depends  on  the  separation  r  of  the  nucleons, 
their  relative  momentum  k  ^  and  trieir  spins  and  . 

L  =  r  X  k  is  the  only  pseudo-vector  that  can  be  formed 
from  r  and  k  .  L  changes  sign  under  time-reversal. 
Using  table  1,  we  see  that  under  the  Wigner-Eisenbud 
condition  the  potential  should  be  a  combination  of  : 
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Each  of  these  terms  may  be  multiplied  by  a  function  of 
the  magnitude  of  the  separation  r  . 

The  general  form  of  a  scalar  in  iso-spin  space 
is  a  combination  of  the  iso-spin  space  identity  and 
T  .  and  are  the  iso-spin  operators  of  the 

nucleons  1  and  2  respectively. 

The  potential  is  usually  written  as  : 


V  =  V  (r)  4  V.  (r)  S  +  v,  (r)  (a^  +  a^).(r  x  J)  + 

c  t  12  is 


+  V  (r) 

ss 

(a^o2) 

(57) 

where  : 

(r)  :  central  potential 

v^(r)  :  tensor  potential 

v.|  (r)  :  spin-orbit  potential 

•1.  s 

Vss(^)  •  spin-spin  potential 

Q 

=  {3  (c  ^  .  r )  (a^.  r )  -  a^.a^} 

(58) 

This  quantity  is  called  the  tensor  operator,  because 

(a^.r){a^.r)  transforms  as  a  second-rank  tensor  in 

coordinate  space.  The  particular  combination  with 

is  convenient .because  bv  its  inclusion  .  S 

'12 

disappears  for  spin-singlet  states.  This  can  be 

seen  by  using  the  fact  that  for  the  spin-singlet  state; 

a  1  =  -  CT^ 

and  ^  ^ 

2  2 

1/4  (a  +  o  +2a.a)=S(S+l) 

12  12 

Therefore  if  S  =  0  ,  we  get  ;  S  =-3+3=0 

1  2 

We  notice  that  the  coupling  between  the  two  spin-trip¬ 
let  states  is  entirely  due  to  the  tensor  potential. 
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We  write  each  of  the  functions  v. (r)  , 

i  c  {c , t , Is , ss }  as  : 

v^(r)  =1/4  (1  -  vlir)  +1/4  (3  +  ?2)  v|(r) 

(61) 

For  the  iso-spin  singlet  case,  in  which  =  -  3 

we  have  (r) ( r)  =  vl(r)  and  for  the  iso-spin  trip¬ 
let  case  T  \  -?^-  =  +  1  ,  so  then  :  v^(r)->v^{r)  =  v|(r)  . 

A  useful  rule  is  that^ because  of  the  Pauli 
principle^  the  sum  of  the  quantum  numbers  T,  S  and  L 
should  be  odd.  T  is  the  quantum  number  for  the  magnitude 
of  the  total • iso-spin .  Therefore  in  the  spin-singlet, 
even  parity  -  and  spin-triplet,  odd  parity  cases,  vze  are 
dealing  V7ith  the  iso-spin  triplet  functions  v|  (r)  and 
in  both  the  other  cases  with  the  iso- spin  singlet  func¬ 
tion  v^  (r)  . 

1  ■ 

An  interesting  method  of  deducing  information 
about  the  functions  v^(r)  from  the  experimental  phase- 
shifts  is  obtained  by  substitution  of  (57)  in  the  Born 
approximated  phase-shift  expressions  (54b)  and  (54c)  for 
the  spin-triplet  case.  V'^e  get  a  linear  expression  of 
these  three  phase-shifts  in  terms  of  the  integrals  : 

-•mV  ^ 

A.  (k)  =  - ^  /dr  r^  v.  (r)  j  (kr)  j  (kr)  (62) 

1  ^20  1  J  Jj 

where  v.  (r)  is  v  (r)  +  v  (r)  ,  v,  (r)  or  v.  (r) 

1  C  SS  t  IS 

respectively.  It  is  therefore  possible  to  express  these 
integrals  in  terms  of  the  phase-shifts. 

Of  course,  this  technique  can  not  be  applied  for 
the  S-waves,  as  the  Born  approximation  does  not  hold  in 
that  case.  Besides  there  are  only  two  S-waves,  so  the 
inversion  of  the  phase-space  expressions  in  terms  of 
{A^(k)}  can  not  be  made. 
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In  the  figures  3,  4  and  5  one  can  see  the  results 
of  this  technique  for  L=1  ,  L=2  and  L=3  (ref.  20) . 
For  L=1  and  L=3  the  iso-spin  triplet  functions  v? 
appear  in  the  integrals.  For  L=2  the  iso-spin  singlet 
functions  v^(r)  . 
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f igure_3 tphase-shif t  components  for  the  L^l-waves  (ref. 20) 


f igure_4 :pha3e-shift  components  for  the  L=3-waves  (ref. 20) 

In  accordance  with  v/hat  was  expected,  we  see  that 
the  integrals  are  considerably  larger  for  P-waves  than 


for  F-v/aves.  In  figure  3  we  see  at  shorter  distances 
a  dominant  attractive  spin-orbit  potential,  a  strong 
repulsive  tensor  potential  and  a  weakly  repulsive 
central  and  spin-spin  potential.  For  larger  distan¬ 
ces  the  spin-orbit  potential  becomes  weakly  attractive, 
the  tensor  potential  remains  strongly  repulsive  and  the 
central  -  plus  spin-spin  potential  becomes  v/eakly  at¬ 
tractive. 

This  behaviour  at  larger  distances  is  confirmed 
by  figure  4.  We  notice  a  strong  repulsive  tensor  poten¬ 
tial,  a  relatively  weakly  attractive  spin-orbit  poten¬ 
tial  v/hich  becomes  repulsive  at  still  larger  distances. 


figure  5 : phase-shift  components  for  the  L=2-waves  (ref, 20) 

The  values  of  the  integrals  for  the  D-waves  lie 
in  between  those  for  the  P-waves  and  the  F-waves,  as 
expected.  Furthermore  we  notice  that  the  behaviour  of 
the  iso-spin  singlet  potentials  is  quite  different  from 
the  iso-spin  triplet  potentials.  In  figure  5  we  see  a 
dominantly  attractive  central  -  plus  spin-spin  poten¬ 
tial,  a  weak  repulsive  tensor  potential  and  a  weak  spin- 
orbit  potential  which  is  attractive  at  large  distances 
and  repulsive  at  shorter  distances. 

Although  potentials  of  the  Wigner-Eisenbud  for-m 
had  some  success,  it  is  quite  well  established  that 
these  can  not  fit  the  available  data  on  elastic  nucleon— 
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nucleon  scattering  satisfactorily  (ref.  25).  In  particula 
difficulties  arise  in  trying  to  fit  the  spin-singlet  and 
spin  -triplet  states  ^Sq  and  simultaneously. 

Okuba  and  Marshak  (ref.  26)  have  considered  the  general 
form  of  the  potential  without  the  restriction  to  a  lin¬ 
ear  k  “dependence.  Without  this  limitation^  tv/o  more 
terms  are  added  to  the  form  (57) ,  namely  : 

(a^.  S)  (a^.  it)  (63a) 

and  the  quadratic  spin-orbit  term  : 

(?1.  L)  (J2  J)  +  (a2.  L)  (a^.  L)  (63b) 

Futhermore  the  potentials  v.  are  not  restricted  to  be 

-)-2  1  _^2 

functions  of  r  only,  but  can  also  depend  on  k  and 
->  2 
L  . 

If  one  is  only  interested  in  elastic  nucleon- 

nucleon  scattering  and  not  in  off-shell  effects,  one  of 

the  terms  may  be  dropped.  The  reason  is  that  a  linear 

relation  for  the  terms  of  the  potential  can  be  found 

for  on-shel.l  processes.  Usually  one  drops  the  term 

(a^.]<)  (a^.  ic)  ,as  the  matrix-elements  (51)  are  easier  to 

handle  for  L  -dependent  than  it  -dependent  terms.  Due 

to  a  theorem  by  Jost  and  Kohn  (ref.  28),  we  can  also 
->2 

drop  the  k  -dependence  of  the  potentials  v.  for  on- 
shell  scattering,  and  assume  r  -  and  L  -dependence 
only.  This  theorem  states  that  the  phase-shifts  as  a 
function  of  energy  determine  for  each  partial  wave  a 
it  -independent  potential  uniquely.  At  the  moment  the 
present  empirical  data  do  not  require  all  the  freedom 
implied  in  the  Okubo-Marshak  form  (ref.  1) . 


7 )  Phenomenological  Potentials 


In  this  section  we  discuss  briefly  a  few  pheno¬ 
menological  potentials.  The  majority  of  the  more  recent 
potentials  are  mianifactured  by  using  meson  field  theo¬ 
retical  arguJT.ents.  The  historical  development  of  the 
involvement  of  meson  field  theoretical  arguments  in  the 
construction  of  the  potentials  is  V7ell-characterized  by 
the  Taketani  program  (ref.  29) .  According  to  this  pro- 
grani  we  should  start  our  understanding  of  the  nucleon- 
nucleon  interaction  in  terms  of  meson  field  theory  for 
large  separations  of  the  two  nucleons  and  progress  to¬ 
wards  shorter  distances.  The  reason  for  this  is  that 
the  situation  becomes  increasingly  complicated  for 
shorter  distances.  The  range  of  the  nucleonic  inter¬ 
action  is  about  2fm.  It  is  generally  felt  that  the  in¬ 
teraction  for  distances  larger  than  about  1.5fm  is  well 
understood  (ref.  30) .  In  this  region  the  interaction  is 
dominated  by  the  exchange  of  one  pion.  We  can  construct 
potentials  which  are  equivalent  to  the  interaction 
caused  by  one  pion  exchange,  in  the  sense  that  both 
lead  to  the'  sam.e  phase  parameters.  This  potential 
is  generally  known  as  the  One  Pion  Exchange  Potential 
(OPEP) .  We  discuss  this  and  other  meson  field  theoreti¬ 
cal  potentials  in  more  detail  in  chapter  III.  We  confine 
ourselves  in  this  section  to  potentials  in  which  meson- 
field  theoretical  arguments  are  restricted  to  the  use 
of  an  OPEP-tail.  These  are  potentials  which  coincide 
V7ith  OPEP  for  a  nucleon-nucleon  separation  larger  than 
about  1.5fm. 

The  superiority  of  phenomenological  potentials 
which  have  an  OPEP-tail  and  which  are  of  the  more  gene- 
ral  Okubo-Marshak  type  instead  of  a  Wigner-Eisenbud 
form, is  illustrated  in  table  4. 
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table  4 


potential 

1 

1 

reference  | 

1 

year 

1 

1 

1  2 
n  ^ 

BrUckner-Garamel- 

1 

-Thaler | 

1 

32  1 

1958 

1 

1 

106. 

Yale 

1 

33  1 

1962 

1 

3.81 

Hama da -Johnston 

i 

34  1 

1962 

1 

2.98 

Reid  (H.C.) 

1 

35  1 

1968 

1 

2.72 

Bressel  et.  al. 

1 

36  1 

1969 

1 

2.13 

Tabakin 

1 

37  1 

1968 

1 

28. 

A  fev7  phenomenological  potentials  and  their 
goodness  of  fit  per  data  point  for  a  set  of  648  p-p 
data  is  given  in  reference  20. 


The  potential  constructed  by  Bruckner,  Gammel 
and  Thaler  (ref.  32'»  ,  jp  a  more  succesful  one  of  the 
VJigner-Eisenbud  type.  It  does  not  have  the  OPEP-asymp- 
totic  behaviour.  The  potentials  of  Yale  (ref.  33)  and 
Hamiada- Johnston  (ref.  34)  are  of  the  more  general 
Okubo-Marshak  form,  and  these  do  have  an  OPEP-tail. 

From  table  4  one  sees  that  the  improvement  of  the  fit 
is  considerable.  The  Yale  and  Hamada-Johnston  poten¬ 
tials  differ  in  the  way  the  extension  of  the  Wigner- 
Eisenbud  form  is  made.  Both  do  not  use  the  quadratic 
spin-orbit  term  63b  but  instead,  each  in  a  different 
way,  a  more  convenient  comparable  form.  The  functions 

V.  depend  in  the  Yale  form  on  both  r  and  L  and  in 
^  ->-2 
the  Hamada-Johnston  potential  only  on  r  .  Furthermore 

in  the  Yale  potential  one  uses  a  larger  number  of  para¬ 
meters.  These  last  two  considerations  together  with  the 
X ^-values  made  the  Hamada-Johnston  the  more  popular  of 
the  two . 
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Another  method  consists  in  defining  a  different 
potential  for  each  separate  | JLS>-state.  This  was  tried 
by  Reid  (ref.  35).  Table  4  shows  that  the  improvement  ■ 
over  the  fit  of  the  Hamada-Johnston  potential  is  only 
small . 

As  we  have  seen  in  the  .last  section,  the  empiri¬ 
cal  evidence  shows  that  the  potential  is  repulsive  at 
short  distances.  This  short  range  repulsion  is  handled 
in  different  ways  in  the  various  phenomenological  poten¬ 
tials  . 

In  the  literature  vie  may  encounter  infinitely  re¬ 
pulsive  cores  and  potentials  in  which  a  finite  repulsion 
is  used.  The  oldest  model  of  the  short  range  repulsion, 
introduced  by  Jastrow  (ref.  38),  uses  an  infinite  square 

potential  barrier  at  a  certain  distance  r  .  This  is 

c 

usually  referred  to  as  a  hard  core.  This  hard  core  causes 

the  wave  function  to  vanish  for  distances  smaller  than 

r  .  This  is  convenient  in  calculations,  because  the  re- 
c  ' 

pulsion  can  be  accounted  for  by  the  use  of  the  bqundery 
condition  l(r  )  =0  .  Another  advantage  of  this  descrip- 
tion  is  that  possible  singularities  in  the  potential  at 
the  origin  are  cut  off  by  the  core.  A  hard  core  of  0.48fm 
and  O.Slfm  respectively  is  used  in  both  the  Hamada-John¬ 
ston  and  the  Yale  potentials. 

Bressel  et.  al.  (ref.  36)  have  used  a  finite  re¬ 
pulsion.  They  modified  the  Hamada-Johnston  potential  by 
replacing  the  hard  core  by  a  finite  square  barrier  with 
a  slightly  larger  radius  (0.7fm)  than  the  hard  core.  One 
expects  to  see  a  significantly  different  behaviour  of  the 
phase-shifts  between  a  hard  core  and  a  'soft  core'  model 
at  energies  of  the  order  of  the  barrier  height  and  higher. 
Bressel  et.  al.  considered  a  barrier  of  470  MeV.  for  the 
triplet  even  states  and  650  MeV.  or  670  MeV.  for  the 
other  states.  So  for  energies  below  350  MeV.  one  expects 
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that  the  results  of  the  models  are  comparable.  The  fit 
to  the  data  that  they  obtained,  as  shown  in  table  4  is 
quite  good.  A  difficulty  in  the  calculations  with  their 
square  barrier  model  is  the  discontinuity  appearing  at 
the  edge.  This  discontinuity  was  avoided  in  the  model 
for  the  repulsion  of  Rochleder  and  Erkelenz  (ref.  39) . 

They  assumed  a  centrifugal  type  repulsion,  up  to  a  cer¬ 
tain  radius,  within  which  a  square  potential  was  used. 

Of  course  if  we -use  finite  potentials,  we  should  impli¬ 
citly  impose  the  condition  that  u(r)  vanishes . for 

JMLS 

r  =  0  (  this  does  not  apply  if  v/e  are  interested  in 

the  Born  approximation  only) . 

Smooth  cores  for  an  infinite  repulsion  have  also 
been  used.  Wong  (ref.  40)  has  employed  an  infinite  re¬ 
pulsive  Yukav/a  shape.  He  used  this  form  for  many-nucleon 
calculations  in  order  to  provide  for  extra  binding  ener¬ 
gy.  An  advantage  of  finite  and  smooth  potentials  over 
hard  core  potentials  is  that^ in  the  latter^  Lbe  potential 
has  large  negative  values  just  at  the  edge  of  the  core. 
This  is  necessary  in  order  to  compensate  for  the  repul¬ 
sive  core  and  to  provide  the  correct  low  energy  behaviour. 
These  large  negative  values  do  not  appear  in  finite  and 
smooth  potentials.  We  illustrate  this  in  figure  6  in  v/hich 
a  comparision  is  made  between  a  hard  core  potential  and  a 
potential  with  a  finite  smooth  repulsion. 

Interesting  v/ith  respect  to  hard  cores  is  Baker's 
transformation  (ref.  41,  42) .  Baker  has  shown  how  one  can 
construct  a  potential  v^hich  has  a  quadratic  momentum  de¬ 
pendence  and  no  hard  core  from  a  -potential  which  has  a 
hard  core,  without  necessarily  being  momentum  dependent. 

He  showed  that  the  potentials  are  equivalent  in  the 
sense  that  they  reproduce  the  same  phase  parameters. 
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core  and  soft  core  repulsion;  the  solid  curve 
represents  a  hard  core  potential,  the  dotted 
curve  a  soft  core  potential  (ref » 20) 

Green  (ref.  43)  has  worked  out  a  potential  with 
a  quadratic  momentum  dependence  of  the  form  : 


V  (r) 
1 


+ 


k  ^ 

~  V 
2m 


( r)  + 


V  (r) 

9 


2  m 


(64) 


where  the  symmetrized  form  is  required  due  to  hermitici- 
ty,  k^  =  “  ti^A  and  V  (r)  is  short  ranged  and  strong¬ 
ly  repulsive.  To  illustrate  how  the  corresponding  Schrd- 
dinger  problem  is  solved,  we  consider  the  spin  indepen¬ 
dent  case,  for  which  no  coupling  between  the  partial  wa¬ 
ves  occurs.  The  radial  wave  function  is  written  as  : 


(1  +  2  V  (r)  )  u^  (kr) 

2  b 


(65) 


Upon  inserting  this  quantity  in  the  partial  wave  equation, 
we  obtain  the  following  equation  for  u^(kr)  : 
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where  : 

T  dV  (r) 

W  (kr)  =  V  (r)  (1  +  2  V  (r))  -  { — ^ -  (1  +  2V  (r)  ) 

■Li  1  2  dr  2 

+  2V  (r)  (1  -f-  2  V  (r))"^  (66b) 

2  2  m 


In  general,  momentura  dependent  potentials  are  re- 
lated  to  non-local  potentials  by  (ref.  45)  : 


V(?,^) 


rt  I  \  “ik.(r-r  ) 
/dr ’  U (r , r ' )  e 


(67) 


Clecirly  the  momentum  dependence  disappears  if  U(r,f') 
is  local  : 


U(r,r')  =  U(r)  6(r“r')  V(r,]c)  =  V(r)  (68) 

For  the  particular  case  that  U(r,r')  is  significantly 
different  from  zero  only  when  r-r'  is  small,  and  if 
U(r,r')  is  a  function  of  |r~r' |  only,  we  can  show  by 
expanding  the  exponential  in  (67)  and  retaining  the  ze¬ 
roth  and  second  terms  only,  that  (6  7)  coincides  v/ith 
(64) .  The  momentum  dependent  form  (64)  is  therefore  a 
special  case  of  a  non-local  potential. 

Another  special  type  of  non-local  potentials  are 
separable  potentials.  These  have  the  general  form  : 

U(r,r')  =  u(r)  u(r')  (69) 

These  have  the  great  advantage  over  local  potentials 
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that  the  Schrodinger  equation  for  these  can  be  solved 
analytically  (ref.  45) .  The  extension  is  sometimes  made 
to  a  finite  sum  of  separable  potentials.  A  well-known 
potential  of  this  kind  is  developed  by  Tabakin  (ref.  37) 
He  uses,  a  sum  of  two  separable  potentials.  As  is  shown 
in  table  4,  the  fit  to  the  data  is  not  so  good.  As  a  se¬ 
parable  potential  is  easy  to  handle,  it  is  useful  in 
many-body  problems. 


8 )  Concluding  Remarks 


On  the  basis  of  the  existing  information  one  can 
see  that  the  present  phenomenological  potentials  do  not 
fit  the  scattering  data  as  succesfully  as  phase  parame¬ 
ters  do.  A  typical  value  of  per  data  point  for 

phase-shift  analysis  is  about  1  ,  where  as  for  the  mo¬ 
re  succesful  potentials  this  figure  is  somev/hat  above  2 
However  the  number  of  parameters  used  in  potentials  is 
only  about  half  of  the  number  used  in  a  phase  parametri- 
zation  (ref.  1) .  Nevertheless  the  number  of  free  para¬ 
meters  in  phenomenological  potentials  is  still  quite 
large  (usually  30  to  50)  (ref.  3) ,  and  since  we  are  dea¬ 
ling  with  phenomenological  potentials  these  parameters 
have  hardly  a  physical  meaning.  Another  important  short¬ 
coming  is  that  the  potential  expression  can  not  be  de¬ 
termined  uniquely.  Although  various  forms  lead  to  a 
rea.‘  ole  fit,  their  off-shell  behaviour  can  be  quite 
dif  nt.  Therefore  using  phenomenological  potentials 
in  ITU  '/-nucleon  problems  is  questionable. 

A  fundamental  defect  of  potentials  is  that  these 
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are  not  well-defined  in  a  relativistic  formalism.  The 
rest  mass  of  the  nucleon  is  about  940  MeV.  .  If  we  are 
interested  in  laboratory  kinetic  energies  up  to  350 
MeV.  v/e  should  expect  relativistic  effects  to  become 
important.  For  350  MeV.  the  ratio  (“)  ^  is  : 

p2cVE2  =  {  (Mc2+E^.^^)  tM2c4}/(Mc2+E^,^)2  =  | 


(70) 


Also  at  lower  energies  relativistic  effects  are  impor¬ 
tant.  The  reason  is  that  due  to  the  strong  short  range 
repulsion^  high  momenta  are  generated  in  the  V7ave  packet. 

The  fact  that  a  quadratic  momentura  dependence  is 
inevitable  for  a  satisfactory  fitting  of  the  data  can 
be  considered  as  a  relativistic  effect.  This  can  be 
seen  as  follows  :  As  was  indicated  in  section  1 ,  a  mo¬ 
mentum  dependent  potential  can  be  described  as  a  non¬ 
local  potential.  One  may  v;onder  hov7  this  non-locality 
comes  about.  K  way  to  approach  this  is  to  transform  to 
momentum  space.  One  can  easily  verify  that  (ref.  46)  : 


U  ( r ,  r  ’  ) 


-> 


,  —7~—r 

i(q..R  +  p.r) 


(2n) 


/dqdp  V(q,p)  e 


(71) 


v;here 


P 
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it 
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-  it- 

(it  +  it-  )  : 
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+  r 
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and 


the  momentum  transfer 

the  average  momentum  of  a  nu¬ 
cleon  before  and  after  the 
collision  in  the  c.m,  frame 


From  the  form  (71) ,  it  is  seen  that  the  non-locality  of 
the  potential  is  due  to  the  dependence  of  the  potential 
in  momentum  space  on  q  .  If  relativistic  effects  are 
significant  then  this  is  to  be  expected,  because  we  can 
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no  longer  use  the  phase-space  element  (2II)’’  dq  dp  . 
This  can  be  seen  from  the  box  normalization  (ref.  47) . 
Due  to  the  Lorentz  contraction,  the  box  is  contracted 
by  a  factor  ,  where  m  and  E  are  mass  and  ener- 
gy  of  the  nucleon.  Therefore  we  should  use  the  phase- 
space  elements  : 

'  (72) 

( 2II )  ^  q  p 

v;here  E  =  (M^  +  p  )  E^  =  (M^  +  q  ) 

This  introduces ■ a  q  -dependence  of  the  integrand  in 
(68),  other  than  from  the  exponential,  so  we  should  use 
a  non-local  potential. 

By  using  relativistic  phase-space  elements,  we 
can  partially  take  relativistic  effects  into  account 
(ref.  48) .  A  rigorous  relativistic  formalism  is  offered 
by  fieldtheory  and  dispersion  relations,  v^hich  will  be 
discussed  in  the  next  chapter.  These  alternatives  to  the 
potential  model  approach  are  not  only  of  interest  from  a 
more  fundamental  point  of  view,  but  also  from  practical 
considerations  due  to  the  problems  connected  with  the 
phenomenological  potentials. 
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CHAPTER  II 


MESON  FIELD  THEORETICAL  METHODS 


1 )  Introduction 

In  chapter  I  we  discussed  the  use  of  phenomenolo¬ 
gical  potentials  for  the  nucleon-nucleon  inter¬ 
action.  These  potentials  do  not  offer  an  explanation  of 
the  interact J.on ,  but  rather  describe  the  empirical  data. 
'A  more  fundamental  approach  of  the  interaction  is 
based  on  the  assumption  that  it  is  due  to  the  exchange 
of  particles .■ This  hypothesis  was  proposed  by  Yukawa 
(ref.  49)  in  1934. 

Yukawa  was  led  by  analogies  between  the  nucleon- 
nucleon  iriteraction  and  the  electro-magnetic  interaction 
In  the  .If! ■■■* ter ^  the  interaction  between  charged  particles 
is  due  to  the  exchange  of  photons.  Contrary  to  the  elec¬ 
tro-magnetic  force  however,  the  nuclear  force  is  short 
ranged.  Yukawa  explained  this  feature  by  assuming  that 
the  mesons,  which  carry  the  nucleon-nucleon  interaction, 
are  niassive,  vjhereas  the  photons  in  the  electro-magnetic 
case  have  a  zero  mass.  That  this  assumption  leads  to  a 
short  range  interaction  can  be  illustrated  by  using  the 
uncertainty  principle  (ref.  4  ) . 

I‘he  energy  E  of  a  meson  emitted  by  a  nucleon  is 

E  =  .  (1) 

where  m  and  p  are  mass  and  momentum  of  the  meson  res 
pectively;  c  :  velocity  of  light 

The  meson  emission  by  the  nucleon  is  allowed  by  the  prin 
ciple  of  conservation  of  energy,  as  long  as  the  life 
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time  of  the  meson  t  does  not  exceed  :  t  =  —  . 

max  E 

Futhermore  we  suppose  that  p2c2<m2c'+  .  We  see  that  the 

meson  can  not  travel  a  distance  larger  than  x  : 

^  max 

+ 

X  =  CT  =  —  (2) 

max  max  me  ^  ^ 

From  (2)  we  observe  that  the  range  of  the  interaction 
mediated  by  a  particle  of  mass  m  is  inversely  propor¬ 
tional  to  the  mass  m  . 

A  meson,  the  pion  which  interacts  strongly  with 
nucleons  and  which  possesses  a  mass  as  predicted  by 
Yukawa,  was  'discovered  in  1947  (ref.  50).  This  discove¬ 
ry  added  much . to  the  credibility  of  the  Yukawa  hypothe¬ 
sis  . 

The  procedures  that  one  used  in  meson  field 
theories  of  the  nucleon-nucleon  interaction  were  quite 
similar  to  those  of  the  very  successful  quantum  field 
theory  of  electrodynamics.  Hov/ever  the  modeling  of  the 
meson  field  theory  after  quantum  electrodynamics  is  not 
without  problems.  In  quantum  electrodynamics^ extensive 
use  is  made'  of  perturbative  treatments  of  some  postu¬ 
lated  form  of  the  interaction.  If  one  proceeds  to 
higher  orders,  one  encounters  divergence  problems. 

It  appeared  possible  to  deal  with  the  divergences  in 
quantum  electrodynamics  by  the  use  of  renonr.alization 
techniques.  In  the  case  of  the  nuclear  force^ the  inter¬ 
action  is  much  stronger  than  in  electrodynamics.  The 
application  of  these  perturbative  methods  to  the  nucleon- 
nucleon  interaction  is  therefore  very  questionable. 
Futhermore  one  can  not  use  the  renormalization  technique 
for  some  forms  of  the  interaction. 

Nevertheless  it  turned  out  that  by  applying  these 
methods  to  the  nucleon-nucleon  interaction,  one  could 
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obtain  a  reasonable  agreement  with  the  empirical  data 
(ref.  3  ) .  From  a  practical  point  of  view  one  may  there¬ 
fore  use  these  methods. 

On  the  other  hand^one  may  try  to  develop  tech¬ 
niques  which  do  not  suffer  from  these  fundamental  defects 
and  which  are  more  suitable  to  the  specific  case  of  the 
nuclear  force.  Efforts  in  this  direction  have  led  to 
the  development  of  the  axiomatic  formulations  of  field 
theory  (ref.  51  )  ,  in  which  the  perturbative  methods 

were  abandoned.  These  axiomatic  field  theories  in  turn 
inspired  the  development  of  the  dispersion  relation  tech¬ 
nique.  This  technique  has  proven  to  be  useful  for  strong 
interactions  (ref.  52) . 

In  this  chapter  we  discuss  a  few  theoreti¬ 
cal  methods  that  are  used  to  describe  the  nuclear  force, 
starting  from  the  assumption  that  this  force  is  due  to 
the  exchange  of  mesons.  In  section  2  we  outline  the 
Lagrangian  foiTculation  of  field  theory.  Covariant 
perturbation  theory  and  Feynman  graphs  are  briefly 
discussed  in  section  3.  The  Bethe-Salpeter  equation  is 
considered  in  section  4.  Section  5  is  devoted  to  a  short 
discussion  on  the  applicability  of  Lagrangian  field 
theory  to  the  nuclear  force.  The  S-matrix  is  discussed 
in  section  6.  In  the  next  section  we  consider  dispersion 
relations  in  some  detail.  One  is  not  able  to  give  a  ri¬ 
gorous  proof  of  these  relations  from  field  theory.  In 
order  to  use  these  we  have  to  make  additional  assump¬ 
tions.  These  additional  assumptions  are  conveniently 
formulated  in  the  Mandelstam  representation,  v/hich  is 
the  topic  of  the  8th  section.  A  few  concluding  remarks 
concerning  dispersion  relations  are  given  in  section  9 . 
Futhermore  an  appendix  on  the  helicity-state  represen¬ 
tation  is  added  to  this  chapter. 
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2 )  The  Lagrangian  Formulation 

From  a  meson  field  theoretical  viewpoint , the  nuclear 
force  arises  as  a  result  of  an  exchange  of  mesons  which 
are  created  at  one  nucleon  and  annihilated  at  the  other. 

In  such  description  we  can  therefore  avoid  the  notion  of 
an  'action  at  a  distance',  which  is  not  allowed  in  a  re¬ 
lativistic  theory.  The  formalism  should  describe  the 
phenomena  of  particle  creation  and  -  annihilation.  The 
theory  can  be  considered  as  the  quantum  mechanics  of  a 
system  with  an  infinite  number  of  degrees  of  freedom.  We 
associate  to  each  kind  of  particle  a  field,  v;hich  is  a 
function  in  space-time  and  which  can  have  more  than  one 
component.  The  degrees  of  freedom  are  formed  by  the  va¬ 
lues  of  the  field  at  each  space-time  point. 

In  the  Lagrangian  formulation  of  field  theory 
(ref.  53  )  ,  introduced  by  Pauli,  Heisenberg  and  others 

in  the  late  twenties,  one  postulates  a  form  for  the  Lagran¬ 
gian  density,  which  is  a  function  of  the  fields.  From 
this  Lagrangian  density  one  can  derive  the  field  equa¬ 
tions  by  means  of  a  variational  principle.  In  the  case 
of  non-interacting  Bosons  this  is  the  Klein-Gordon 
equation.  For  non-interacting  Fermions  the  associated 
field  should  satisfy  the  Dirac  equations.  Knov;ing  the 
Lagrangian  density  we  can  define  the  conjugate  momenta 
for  the  fields.  The  theory  can  subsequently  be  quantized 
by  interpreting  the  fields  and  their  conjugate  momenta 
as  operators,  which  satisfy  the  quantum  mechanical  commu¬ 
tation  relations.  In  order  to  obtain  the  correct  statis¬ 
tics,  v/e  must  use  commutation  relations  for  the  Boson 
fields  and  anti-commutation  relations  for  the  Fermion 
fields . 

Contact  with  the  particle  interpretation  of  the 
fields  can  be  established  by  considering  the  Fourier 
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decomposition  of  the  field  operators.  We  shall  first  dis¬ 
cuss  Boson  fields  and  then  Fermion  fields.  It  v/ill  be 
convenient,  although  by  no  means  essential,  to  normalize 
the  fields  in  a  large,  but  finite,  volum.e  V  .  In  that 
way  it  is  easier  to  handle  the  denumerability  of  the  number 
of  degrees  of  freedom. 

The  Fourier  expansion  of  a  Boson  field  (|)  (x)  can 
be  v/ritten  as  : 


(}>  (x)  = 


Z 


P/P 


0=Ep 


(2Pq) 


-1/2 


{a 


P 


ipx  ,  t 
e  4-  a 

P 


} 


(3) 


In  this  expression  is  p  the  4-momentum  and  x  a 

space-time  point,  E  =  (rn^H-p^ ) is  the  energy  and  rn 

P 

is  the  mass  of  the  Boson.  Furthermore  pxEp.x-p,.x^  .  The 

-1/2  °  ° 

appearance  of  the  factor  (V2Pq)  is  due  to  the  re- 

lat j.vistically  invariant  normalization  that  we  assumed. 
If  we  consider  the  limit  V  goes  to  infinity  ,  we  can 
make  the  well-known  replacement  : 


V  Z 


P  2p 


(2n)-3  / 


0 


2p 


(4) 


0 


From  the  commutation  relations  between  the  field 

operator  and  its  conjugate  momentum  follows  that  the 

"t* 

operators  a^  and  a^  obey  the  commutation  relations  : 


[a  ,a  ]  =  [a  ^  ,a^  ]  =  0 

Pi  Pj  Pi  Pj 


(5a) 


(5b) 


.  f 

The  relations  (Sa)  and  (5b)  allow  one  to  interpret  a^ 
as  an  creation  operator  and  a  as  an  annihilation 
operator,  for  a  Boson  with  4-momentum  p  : 
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In  ...n....>  =  /n.|n  ...n. 
Pi'  1  1  i'  1  1 


{6a) 


t 


a_  In  ...n...,>  =  /n.+l|n  ...n. +!...> 
Pj  1  1  1  1  1 


(6b) 


In  the  Fock  space  vector  |n  ...n....>  .  n.  denotes 

3.  ^  ^ 

the  number  of  Bosons  with  the  4 -momentum  p.  .  It  is  of- 
ten  useful  to  decompose  the  Boson  field  operator  (p  (x) 
into  a  creation  part  (J)”’(x)  and  an  annihilation  part 
c|)'^(x)  : 

(P(x)  =  (f.'^(x)  +  (f)"(x)  ;  (j)'^(x)  =  Ep  (2Pq)"^''^^  a^  e^^^ 

;  4)  ^x)  =  V  Zp  ^^Pq)  a^  e 

(7) 


The  time-ordered  product  of  the  field  operators 
(f)  (x)  and  cj)(x’)  is  defined  by  : 


d)  (x)  (j)  (x'  )  if 

P{(f)  (x)  ,  4)  (x'  )  }  =  . 

'“4.  (x '  )  4)  (x)  if 


(8) 


It  can  be  shown  that 
<o  I  P{4)  (x)  f  (f:(x '  )  }  I  o>  = 


(2n)‘* 


iA_ (x-x ' ) 
F 


(p^+m^-in)  = 

(9) 


In  (9)  lo>  denotes  the  vacuum.  The  function  Ap(x-y) 
is  called  the  propagator  for  the  Boson.  The  reason  for 
this  can  be  seen  from  : 

(tf-m2)  A  (x-y)  =  6  (x-y)  ;  =  A  -  (10) 
F  3t2 


(10)  is  easily  proven  by  substitution  of  (9)  into  the 
Klein-Gordon  equation.  Having  introduced  the  necessaj.y 
ingredients  for  Boson  fields,  we  next  turn  to  Fermion 
fields.  The  description  of  Fermion  fields  is  somev;hat 
more  involved,  as  we  are  dealing  with  spinor  fields.  For 
spin-“  particles,  the  spinor  field  has  four  components. 

The  Fourier  expansion  of  the  spinor  field  (x) 
is  usually  written  as  (ref.  56)  : 


(x) 


^  .  1/2  r  V  ikx  , 

k  "s  'eT’  ®  + 

k  =F 

^0  ^'k 


.  l^  \  -ikx-, 

+  b  ,  V  (k)  e  } 
sk  s 


(11) 


1/2 

In  (11)  k  denotes  the  4-momentum?  (M^+k^ ) '  ^  the 

energy  ,  M  the  mass,  and  s  the  spin  state  of  the 

Fermion . 


*  —  'I* 

The.  expansion  of  the  Dirac  adjoint  'l'(x)“'i'  (x)  ')■ 


IS 


’^V  V  -V  ^ 

^0  k 


,  ,  ”  n  N  ikx. 

+  >=sk  ®  ’ 


(12) 


In  the  solution  of  the  Dirac  equation  u^  (k)  denotes  a 

positive  energy  spinor  and  v^(k)  a  negative  energy 

spinor,  a  (k)  and  a^(k)  can  be  interpreted  as  anni- 
s  s  -j^ 

hilation  and  creation  operators,  for  the  spin-^  parti¬ 
cles  and  b  (k)  b'  (k)  as  the  annihilation  and  crea- 
s  ^  s 

tion  operators  for  their  antiparticles. 

We  decompose  'l(x)  and  Y  (x)  into  positive  and 

negative  frequency  parts  : 
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,+ 


^  {x)  =  'F  (x)  +  'F  (x) 


'F  (x)  =  'F  '  (x)  +  Y  (x) 


(14) 


In  this  decomposition  : 


'F  (x)  :  creates  particles 


*1'  (x)  :  annihilates  particles 

'F  (x)  ;  creates  antiparticles 

— t- 

'F  (x)  :  annihilates  antiparticles 


(15) 


The  propagator  Sp(x-x')  for  spin—  particles  should 
satisfy  : 


(i/a  +M)S^,  (x-x')  =  6(x-x') 
U  F 


(16) 


X  X. 


(i  Y^3^”M)  (i  y^3^+M)  =  -  m2 


(17) 


we  find  a  relation  between  Sp(x-x‘)  and  Ap(x-x’)  : 


Sp(x-x' ) 


=  (i  Y^  9  = 


y 


-/dk 


Y^k  +M 
y 


ik (x-x ' ) 


(2n)‘+  k^+M^-in 


(18) 


Often  this  is  symbolically  written  as  : 


1  ,  /  y,  .  ,  -1  ik  (x-x '  ) 

S„(x-x')  =  - /dk  (M-Y^h  -in)  e 

^  (2n)‘* 


(-19) 


similar  expressions  for  Sp(x"x')  of  (11)  in  the  case 
of  Bosons  are  : 
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<o  [TC'F  (x)  ,4^  (x' )  }  o>  =  iS„(x-x') 

r 

<o  I  T{?  (x)  , 'l' (x' )  }  I  o>  =  -iSp(x'-x)  (21) 


In  these  expressions  is  the  Wick  chronological 

product,  v/hich  differs  from  the  time-ordered  product 
for  Fermion  fields  in  that  : 


T{y  (x)  ,  'i'  (x'  )  }  =  e  (Xq-x^)  ix)  ,'1'  (x*  )  }  ; 

E  (Xq-X^)  = 


k. 


-1  if 


(22) 
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These  remarks  on  spin---  fields  are  sufficient  to 
serve  as  a  convenient  reference  in  the  follovjing.  We  fi¬ 
nish  this  section  by  fixing  a  convention  concerning  the 
Dirac  operators  •  The  follov^ing,  frequently  used  re¬ 
presentation  will  be  adopted  (ref.  3  )  : 


where  : 


(23) 


Furthermore  we  shall  use  the  quantity  a^^=^(  )  • 

For  quantities  like  ^  (  y^  )  n  (  Y^  )  n  ^  ,  we  shall  use  the 

^  a  a  3  ‘3  Y  Y 

abbreviated  notation  ?  y^’  (j/  . 

The  Lagrangian  density  can  be  written  as  the  sum 

of  the  free  field  contributions  and  an  interaction  part. 

The  required  strong-interaction  invariances  imply  that 

the  Langrangian  density  is  a  scalar  with  respect  to 
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Lorentz  transformations  and  rotations  in  iso-space. 
Furthermore  as  required  for  an  energy  density,  the  inter¬ 
action  Lagrangian  density  should  be  hermitian.  In  the 
simplest  forms  of  the  interaction  Lagrangian  density  the 
meson  fields  or  their  derivatives  appear  linearly.  The 
first  case  is  called  direct  coupling  and  the  second  deri¬ 
vative  coupling.  The  form  of  the  interaction  Lagrangian 
density  for  a  number  of  iso-scalar  mesons  is  given  in 
table  5 . 


table_5  ;  interaction  Lagrangian  densities 

type  of  direct  coupling  derivative 

meson _ _ _ _ _ _ 
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scalar  (O') 


V(4n)  g.Y'Fcj) 
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The  factors  -/(4]I)  are  conventionally  pulled 
out.  This  will  be  convenient  in  the  calculations.  The 
factors  g^  and  f^  are  the  coupling  constants.  They 
determine  the  strength  of  the  coupling.  In  the  derivati¬ 
ve  coupling^ the  inverse  of  the  meson  mass  ^  is  written 
in  front,  in  order  to  make  f^  dimensionless. 

In  the  various  forms  for  the  interaction  Lagrangian 
in  table  5,  the  coordinate  dependences  of  the  fields  are 
suppressed.  The  forms  for  iso-vector  mesons  are  found  by 
simply  replacing  the  meson  fields  by  x .  (j)  ,  vrhere  ({> 
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is  the  iso-vector  meson  field  and  t  denotes  the  nucleon 
iso-spin. 

In  the  formalism  we  rather  use  the  Hamilton  densi¬ 
ty  instead  of  the  Lagrangian  density.  The  relation  between 
the  two  is  : 


= - }  -  cC  (x) 

^  d<{> 


(24) 


For  direct  couplings  we  find  : 


(x)  =  "  (x) 


(25) 


For  derivative  couplings  we  notice  from  (24)  that  ^  (x) 
not  only  differs  in  sign  from  (x)  ,  but  also  in  that 

the  summation  over  the  variables  x  runs  over  the  posi¬ 
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3 )  Covariant  Perturbation  Theory 


In  this  section  we  show  how  the  scattering  ampli¬ 
tude  can  be  calculated  from  a  given  form  of  .  The 

formalism,  developed  essentially  by  Dyson  (ref.  54)  and 
Feynman  (ref.  55)  ,  that  v/ill  be  considered,  allows  us  to 
write  the  scattering  amplitude  as  a  perturbation  expan¬ 
sion  in  powers  of  the  coupling  constant. 

In  our  notation  ^  $ (t)  represents  the  state  of 
the  system  of  interacting  nucleons  and  mesons  as  a  func¬ 
tion  of  time.  In  the  interaction  picture^the  equation  of 
motion  can  be  written  as  : 

i  $  (t)  =  Kj.  (t)  $  (t)  (26) 

In  this  equation^  H^(t)  is  the  interaction  Hamiltonian^ 
which  is  related  to  the  Hamilton  density  /tfj  (x)  by  : 

Hj(t)  =  /d^x/;^^(x)  (27) 

The  scattering  operator  S  is  defined  by  : 

$  (+oo)  =  S  $  (~°°)  (28) 


$  (+0°)  and  $  (-“)  represent  the  state  of  the  system 
respectively  long  after  and  long  before  the  interaction 
takes  place. 

By  integration  and  iteration  of  (26)  and  the 
use  of  the  definitions  (27)  and  (■28)^v7e  can  write  the 
S-operator  as  an  expansion  : 


S  =  I  ~  i-ii—  /.../  dx  ...dx  P{i{  {x  )  .  .  .^  (x  )  } 
n=0  n!  n  1  1  1  n 

—  CO  —00 
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In  this  expansion^  ^  is  the  time-ordered  product, 

v/hich  is  an  obvious  extension  of  the  definition  in  (8  )  . 
The  calculation  of  matrix  elements  of  operators  con¬ 
sisting  of  creation  and  annihilation  operators  can  be 
simplified  if  we  write  the  operators  in  a  normal  ordering. 
In  the  normal  ordering^  the  annihilation  operators  stand 
to  the  right  of  the  creation  operators  in  a  product. 

can  be  written  in  a  abstract  way  as  , 

in  which  possible  indices  are  suppressed.  If  v;e  decompose 
the  fields  ?  ,  'F  and  (p  in  an  annihilation  and 
creation  part,  we  can  write  ^^(x)  as  the  suni  of  normal 
ordered  products,  by  using  the  appropriate  (anti) commuta¬ 
tion  relations.  We  denote  the  normal  ordering  of 
by  N{^r'F(f)}  .  Substitution  in  the  S-operator  expansion 
gives  : 

S  =  E  “  1-4—  /.../  dx  ...dx  } 

^=0  -o,  -CO  1 

(30) 

In  this  formula^the  time-ordered  product  P{.,.}  is  re¬ 
placed  by  the  Wick  chronological  product  T{ . , . }  .  This 
is  allowed  because  the  Fermion  fields  enter  the  equation 
in  pairs,  each  of  which  refers  to  the  same  time.  The  no¬ 
tation  {?r'F(})}  is  short-hand  for  ?  (x  )  r'F  (x  )  (})  (x  )  . 

X  111 

In  (30)  we  obviously  do  not  have  an  pverall  normal 
ordering^ but  rather  a  time  ordering.  This  time-ordered 
product  can  be  written  in  a  normal  order  according  to 
the  theorem  of  Wick.  To  introduce  the  V7ick  theorem  we 
consider  the  following  : 

The  simplifying  feature  of  a  normal  ordering  is  that  the 
vacuum  expectation  value  for  a  normal  ordered  product 
vanishes.  This  leads  to  : 
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T{A(x  ),B(x  )}  =  N{A(x  ),B(x  )}  +  <o|t{A(x  ),B(x  )}|o> 
12  12  12 

(31) 

In  this  expression  A(x  )  and  B(x  )  are  two  arbitrary 

1  2 

fields.  The  vacuum  expectation  value  <o  T{A(x  ),B(x  ) } I o> 

1  2 

is  called  the  contraction  of  A(x  )  and  B(x  )  ,  and 

1  2 

often  one  uses  the  notation  : 


A(x  )  B(x  )  E  <o  T{A(x  ),B(x  )  }  o>  (32) 

t  1  1  2  12 

More  generally  we  can  define  a  similar  notation  for  the 
’•  • 

product  of  more  than  two  field  operators  by  : 


N{AECDEF...}  E  (-1)^  AF  BD  N{CE...}  (33) 

{  1 — (  {  l-l  u 

In  (33)  V7e  dropped  the  explicit  coordinate  dependences. 
P  denotes  the  nu.Ttber  of  interchanges  of  the  Fermion 
fields  required  to  change  to  the  order  AFBDCE. , . 

The  Wick  theorem  is  a  generalization  of  (31)  •  It 
states  in  terms  of  the  notation  (33)  : 


T{ABCD. . .YZ}  = 


N{ABCD...YZ}  +  :  no  contractions 


+  N{ABCD...YZ}  +  N{ABCD...YZ}  +  . ..  :  one-contractions 

i_i  I — I 

+  N{ABCD...YZ}  +  N{ABCD,..YZ}  +  ...  :  two-contractions 

L-J  LJ  l_J  LJ 

+  ...  etc 

(34) 


Using  the  Wick  theorem  we  can  write  the  integrands  in 
the  S-operator  expansion  as  a  sum  of  normal  products  : 


S  = 


(-i) 

nl 


n 


/.../dx  ...dx^  T{N('l'r'i'(}))^  .  .  .N('Fr'i'(j))^ 
in  x^  x^ 


} 


(35) 
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The  integrals  in  run  from  minus-infinity  to  pi 


us- 


infinity.  ,  s  and  are  respectively  : 


1  2 
S  =  I  :  the  identity  operator 


S  =  -i/dx  N('}'r'Fd)) 

1  ^  X 


(36) 

(37) 


S  = 
2 


■jffdx  dx  [N{  (iP'Fcf))^  ('l'r'i'(j))  }  +  N{('l'rf(j))  ('Fry(J))  } 

‘  ^  '  1  "^2  I  ’'l  I  ""s 


+  K{  (Yr'j'(|>)  (frYtt)  )  +  N{  ('FF'i'cj.)  (yr'f(!>)  }  + 

_  1  I  2  I  1  I  2 


^  X  , 

2  1 

^  X  ^ 

 1  i 

y 

X 


+  N{  (Yr'j'tf))  (ir'i'cj))  }  +  N{  ('fF'F 

U.AJ  I  ""a  L..L 

i - 1  L, 


)  (ir'F(}))  }] 

I.J.JI  2 


(38) 


One  can  easily  verify  that  'F=(f)(j)='F(J)='i'(j)=0  .  Therefore 

those  contractions  are  left  out  of  (38)  . 

In  the  process  of  nucleon-nucleon  scattering,  on¬ 
ly  contributions  to  the  scattering  matrix  element  of  the 
form  : 

<2  nucleons;  0  mesons  |s|  2  nucleons;  0  mesons> 

(39) 

can  arise  from  S-operator  terms  ,  for  n  is  even. 

Futhermore  in  the  decomposition  of  ^  only  terms  which 

contain  powers  of  the  combination  can  give  a 

non-vanishing  contribution  to  the  interaction. 

Therefore  the  lowest  order  contribution  to  the 

scattering  amplitude  comes  from  .  The  only  term  in 

S  which  contributes  to  the  interaction , is  : 
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~~f  fdx  dx 
Z  1  2 


N{  )  } 

I  X  I  ^ 

I i _ J  2 


=  -i//dx  dx  N{  (5'r¥(t>)  (yry(())  }  a^{x  -x  ) 

^12  ^  X  t 

1  2 

(40) 

In  (40)  we  used  (  9)  . 

The  only  terra  in  the  normal  product  which  contributes  to 
the  matrix  element  (40)  is  : 


=  l//dx  dx  'l'“(x  )  ¥  (x  )r'l''^(x  )r'l''^(x  )  A„(x  -X  ) 

2  ^  12^  1  2  1  2^12 

(41) 

The  integrations  over  x  and  x  can  be  ner- 

1  2 

formed  after  the  substitution  of  the  Fourier  expansions 
for  the  field  operators  (11)  and  (12)  and  the  representa¬ 
tion  (  9)  of  Ap(x“x')  .  After  a  straight  forward  calcu¬ 
lation  we  arrive  at  : 
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2v2 
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a  a 


^k ' ^k  ^k ' ^ 

J  V  jS.  jS.  ^ 

a  a  3  3 
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(42) 


In  (42)  V7e  suppressed  the  spin  indices.  The  6 -function 
secures  the  conservation  of  energy  momentum.  It  enters  the 
calculation  through  the  integration  over  p  of  the  fac¬ 
tor  6 (p-k  +k’)  6(p-k'+k„).  The  appearance  of  these  fac- 
a  a  ^33 

tors  is  due  to  the  integration  over  x  and  x  ,  which 

1  2 

occur  in  the  exponentials.  We  consider  the  matrix  element: 


C  (k's'k's'jk  s  k  s  )  =  <k's'k's'| | k  s  k  s  > 

2  1122  1122  1122  2  1122 

(43) 
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I T 

Two  terms  in  the  expansion,  of  contribute,  and  these 

2 

contributions  are  equal.  The  explicit  form  of  the  matrix 
element  is  : 


C 

2 


i  (2n)  ""  6  (k'+k’-k  ~k  ) 
12  12 


(E^ 

112  2 


-1/2 


(2n) 


[u  ,  (k')ru  (k  )][u  ,  {k')ru  (k  )]  (m2+(k'-k  )^-iTi) 

1  '  1  '  2  "  %  2  '  ' 


-1 


(44) 


In  (44)  the  limit  V->°°  was  taken,  and  the  variables  in  C 

2 

are  suppressed.  C  is  known  as  the  Feynman  amplitude  and 

C  is  the  second  order  contribution  to  it.  It  should  be 
2 

mentioned  that  in  the  literature^ modified  forms  are  fre¬ 
quently  used.  The  Feynman  graph  that  corresponds  to  (44) 
is  shown  in  figure  7  .  The  two  terms  in  (42) ,  that  con¬ 
tribute,  can  be  interpreted  as  two  different  time  orde¬ 
rings. 


figure  7: the  Feynman  graph  for  the  Born  term 


These  graphs  are  very  convenient  for  a  quick  evaluation 
of  complex  coupling  schemes,  and  for  the  understanding 
of  the  underlying  physics  of  the  mathematical  formalism. 
By  following  a  set  of  rules  (ref.  56) ,  we  can  immediate¬ 
ly  write  down  the  contribution  to  the  Feynman  amplitude 
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of  a  given  graphical  representation.  The  rules,  which 
are  of  importance  for  the  nucleon-nucleon  scattering 
problem,  are  listed  in  table  6. 


table  6  :  rules  for  Feynman  graphs 


graphical  name  of  the  physical 
element _ _ 


sk 


external  emitted 

nucleon  line  nucleon 


expression 


(2n)-3/2(M  ,1/2  - 
Ej.  s 


a 

^  A 


external  absorbed 

nucleon  line  nucleon 


{2n)  u  (k) 

k 


P 


interna  1 
meson  line 


virtual 

meson 


— i — -/do  (m^+P^-iri )  ^ 
(2n)'+ 


internal  virtual 

nucleon  line  nucleon 


— ~ — /dk(M-Y^k  -in) 
(2n)‘'  ^ 


-1 


s’k' 


vertex 


interaction  ~r(2ll)^  6(k*-k-p) 


sk 


We  apply  these  rules  to  find  the  contribution  to  the  Feyn¬ 
man  amplitude,  represented  by  the  box  diagram  (figure  8  ). 
After  carrying  out  the  four  integrations  we  get  : 
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=  (2n)  ®  6  (k^+k^-kj-k')  m2  (Ej^  E^,)  ^/2  _ 

1  'l  2  ''2 

.  [u„,(k')ru  {k  )][u^,(k')ru  (k  )]  . 

1  1  ®2  2  2 

.  /dp{(m2+(~k  -yk  -p)  2-i^)  (n,2+{l),._l;^,_  )2.i  )  _ 

A  I  Z  2  ^1^2 

.  (M-y^  (^-K-p)^-in)  (M~Y^‘ (|K-l-p)^-in)  (45) 

where  ;  K  =  k  +k  and  p  =  —(p  -p  )  ,  see  figure  8. 

12  ^12 


figure  8; 

the  box  diagram 


there  appears  a  factor 
^y-  ,  while  in  the  formula  (45)  this  seems  not  to  be  the¬ 
re.  The  reason  for  this  is  that  the  box  diagram  is  in 
fact  a  summation  of  4!  time-ordered  diagrams  (figure  9): 
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We  notice  that  in  the  term  S 
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figure  9: time  orderings  in  the  box  diagram 
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One  sees  in  figure  9  that  in  the  intermediate  state  we 
may  encounter  antinucleons.  Of  course  the  box  diagram  is 
not  the  only  contribution  to  the  fourth  order  Feynman  am¬ 
plitude.  Another  possibility  is  formed  by  the  crossed 
meson  exchange  diagram  (figure  10), in  which  also  four 
nucleon  meson  interactions  occur. 


f igure_10 : 

the  crossed  diagram 


By  first  drawing  all  possible  topologically  non-equiva¬ 
lent  Feynman  graphs  and  subsequently  writing  down  the 
associated  expressions,  for  the  Feynman  amplitude,  we  can 
in  principle  calculate  the  Feynman  amplitude  for  each 
order  . 

Problems  may  arise  from  possible  divergent  integrals. 

Two  other  fourth  order  diagrams  which  give  rise  to 
divergences  (ref.  4) .  We  draw  these  in  the  figures  11a 
and  11b. 


fourth  order  diagram 
that  lead  to  diver¬ 
gences 


b 


In  figure  lla^we  consider  the  emission  and  subse¬ 
quent  absorption  of  a  virtual  meson  at  one  of  the  two 
nucleons.  We  notice  that  this  process  also  occurs  in  the 
case  of  a  free  nucleon.  This  virtual  meson  production 
has  the  effect  of  increasing  the  nucleon  energy,  or 
equivalently  its  mass.  This  situation  raises  questions 
about  the  correctness  of  the  decomposition  of  the  Hamil¬ 
tonian  into  a  free  and  an  interaction  part.  In  the 
Hamiltonian  of  the  so  called  free  nucleon^  the  virtual  me¬ 
son  contributions  are  implicitly  taken  into  account  by 
the  value  of  the  nucleon  mass.  We  therefore  should  write 
the  nucleon.. I'nass  as  M=M^+6M  ,  in  which  the  part  6M  is 
due  to  the  interaction  with  the  virtual  mesons.  If^in 
the  free  Hamiltonian^ the  mass  M  appears  in  the  form 
M?'i'  ,  we  should  therefore  substract  the  quantity 
from  the  interaction  Hamiltonian.  It  has  beeii  shown  that 
for  a  correctly  chosen  value  of  6M  ^  the  divergence  pro¬ 
blem  can  be  solved  (ref.  b6). 

This  technique  is  called  the  renormalization  pro¬ 
cedure.  Similar  techniques  can  be  used  to  deal  with  the 
divergences  .that  appear  in  the  interactions  represented 
by  figure  11b  in  which  a  virtual  nucleon-antinucleon 
pair  appears.  The  procedure  prescribes  the  use  of  so- 
called  renormalized  values  for  the  masses  of  nucleons 
and  mesons  to  incorporate  the  primary  effects  of  the 

diagrams  iia  and  11b  (ref.  4) . 

The  renormalization  procedure  can  not  be  used  for 
all  forms  of  the  interaction  Hamiltonian.  For  instance 
it  does  not  apply  to  derivative  coupling  wit^-.  pseu¬ 
do  scalar  fields.  Renormalitable  theories  a-'  hose  in 
which  the  renormalization  technique  can  be  ried  out 
to  all  orders.  It  has  been  shown  that  theories  of  mesons 
interacting  with  nucleons  are  renormalitable  for  non¬ 
derivative  couplings  (ref.  57)* 
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4)  The  Bethe-Salpeter  Ecruation 


In  section  3  we  considered  the  perturbative  ex¬ 
pansion  of  the  scattering  operator  S  ,  or  equivalently 
of  the  transition  operator  T=S-I  ,  in  orders  of  the 
interaction  Hamiltonian.  This  expansion  is  quite  simi¬ 
lar  to  the  Born  expansion  in  ordinary  quantum  mechanics. 
By  iteration  of  the  Lippmann-Schwinger  equation,  which 
may  symbolically  be  written  as  ; 


T  =  V  +  VGT 


(46) 


where:  V  :  potential  ;  G  :  Green  function 

one  can  also  obtain  a  perturbative  expansion  of  T  in 
orders  of  the  interaction  potential.  In  passing  we  men¬ 
tion  that  due  to  this  similarity^ the  second-order  term 
of  the  Feynman  amplitude  C  is  called  the  Born  term. 

The  question  arises  :  can  one  find  an  equivalent  to  the 
Lippmann-Schwinger  equation  in  quantum  field  theory. 

This  can  indeed  be  done ^ as  was  shown  by  Bethe  and  Salpe- 
ter  (ref.  58) .  The  resulting  equation  is  named  after  them. 

First  we  shall  consider  the  ladder  approximated 
Bethe-Salpeter  equation  and  subsequently  we  indicate  how 
this  result  can  be  generalized. 

_  In  the  ladder  approximation  to  the  Feynman  ampli¬ 
tude  we  take  only  the  contributions  of  the  graphs  into 
account  that  are  shov/n  in  figure  12. 


ifs.  -k 

/v 

a 


* - T"— 


(4 


fi2ure_12 : the  ladder  approximated  Bethe-Salpeter  equation 
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We  discuss  the  problem , in  the  cm-frame  and  we  drop  the 
spin  indices  for  simplicity.  As  shown  in  the  figure  we 
can  obviously  write  the  ladder  approximated  Feynman  am- 

Ij 

plitude  C  (k  ->k  )  as  the  sum  of  the  Born  terra  and  the 

12 

higher  order  contribution  C,  (k  ->k  )  ,  The  series  of 

diagrams  is  infinite.  From  this  observation  and  from  the 
rules  for  the  Feynman  graphs  (table  6)  ,  v/e  find  by  ex¬ 
tending  the  considerations  that  led  to  the  result  (45) 
for  the  box  diagram  : 

C,  (k  ^k  )  =  — - -  /dk  (k  -^k)  .  (M-y^k  -in)  ^ 

ho  1  2  (2n)‘*  1  I' 

.  (M+y'^k  -in)"^  c  {k-^k  )  (48) 

2  2. 

From  the  relations  (16)  and  (19)  V7e  know  that 
(M-Y^''k  -in)  "  and  (M+y^k  -in)  are  the  free  field 
Green  functions  for  each  of  the  nucleons  in  inomentixn  spa 
ce.  Therefore  we  can  interpret  : 

G(k)  =  — i—  (M-y^k  -in)“^  (M+y^k  -in)"^  (49) 

(211)'^  ^ 

as  the  free  field  Green  function  for  two  nucleons  in  mo¬ 
mentum  space.  The  factor  — - —  is  chosen  by  convention 

(2n)'+ 

to  simplify  its  form  in  coordinate  space.  Using  equa¬ 
tions  (47),  (48)  and  (49)^ we  see  that  : 

C^(k  -»-k  )  =  C  (k  ->k  )  t  /dk  C^(k  ->k)  G(k)  C  (k-^-k  ) 

12  2  12  1  2  2 

(50) 

The  expression  (50)  clearly  is  a  field  theoretical  analo 
gue  of  the  Lippmann-Schwinger  equation. 

Formally  the  extension  to  the  general  case  in 
which  all  graphs  are  taken  into  account  is  performed  by 
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replacing  the  Born  term  in  (50)  by  the  sum  of  the  contri 
buttons  from  all  socalled  irreducible  graphs.  A  graph  is 
called  irreducible  if  it  is  not  possible  to  cut  it  hori¬ 
zontally  through  the  two  nucleon  lines  and  through  no  me 
son  line^ into  two  connected  graphs.  By  connected  we  mean 
that  in  each  of  the  two  pieces^ the  nucleon  lines  should 
be  connected  by  a  meson  line.  For  instance  the  graphs 
drawn  in  the  figures  10  and  11  are  irreducible.  The  box- 
graph  9  is  reducible. 

The  general  Bethe-Salpeter  equation  in  the  cm- 
system  is  : 


C(k  ->k  ) 
1  2 

K(k  ->-k  ) 
1  2 


K(k  -^k  )  +  /dk  K(k 
1  2  1 


^irred. 

graphs 


(k  ->  k  ) 
1  2 


-dc  )  G(k)  C(k  -^k  ) 

2 

(51) 

(52) 


Evidently  the  number  of  irreducible  graphs  is  infinite, 
therefore  in  its  full  generality^ the  Bethe-Salpeter 
equation  is  not  very  useful  for  practical  problems.  Im¬ 
portant  in  this  respect  are  approximations. 
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5)  Lagrangian  Field  Theory  ;  Conclusions 

In  the  preceding  paragraphs^ we  outlined  the  more  im¬ 
portant  features  of  the  Lagrangian  formulation  of  quantum 
field  theory  in  relation  to  the  nucleon-nucleon  scattering 
problem.  The  basic  ingredients  of  calculations  in  this 
formalism  are  ; 

1)  the  postulation  of  an  interaction  Lagrangian 

2)  the  use  of  perturbation  theory 

The  form  of  the  interaction  Lagrangian  is  restricted  by 
the  strong  interaction  invariances  only.  Otherwise  the 
choice  for  a  particular  form  is  quite  arbitrary.  Usually 
one  takes  simplicity  as  a  guiding  principle. 

We  mentioned  that  for  some  forms  of  the  interaction  La¬ 
grangian  the  theory  is  renormalitable ,  while  for  others^ 
this  is  not  so.  For  this  reason  one  may  assume  that  re- 
normali tability  puts  further  restrictions  on  t’’  e  possible 
forms  of  the  interaction  Lagrangian,  However  renormali¬ 
zation  is  important  within  the  frame-work  of  perturba¬ 
tion  theory  only.  For  this  reason  it  is  doubtful  whether 
one  can  attribute  much  fundamental  significance  to  the 
renormali tability  (ref. 56). 

Due  to  practical  limitations^ we  can  take  only  a 
fexv  of  the  lowest  terms  of  the  perturbative  expansion 
into  account.  In  strong-interaction  theory^ we  deal  with 
coupling  constants  that  are  bigger  than  unity.  Therefore 
there  is  no  reason  to  expect  that  the  lowest  order  terms 
are  the  most  important  nor  that  the  perturbative  expan¬ 
sion  is  convergent.  It  is  therefore  questionable  if  one 
is  allowed  to  use  the  theory  in  the  case  of  strongly  in¬ 
teracting  particles. 

There  are  however^ also  a  few  considerations  in  fa¬ 
vour  of  the  formalism  for  strongly  interacting  particles. 
The  higher  order  terms  that  might  give  rise  to  problems 
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represent  the  exchange  of  relatively  large  masses. 

From  the  simple  range-mass  relation  (  2),  we  notice  that 
these  are  expected  to  be  important  at  relatively  short 
distances  only.  Therefore  if  we  are  interested  in  the 
interaction  at  not  too  short  distances,  the  perturbative 
approach  can  be  j ustified. Furthermore  due  to  the  exchan¬ 
ge  of  some  type  of  meson^the  interaction  may  be  suffi¬ 
ciently  repulsive  at  short  distances  to  prevent  the 
higher  order  contributions  from  becoming  important 
(ref.  4)  .  In  general  we  may  hope  that  cancellations  occur 
among  the  contributions  from  the  omitted  higher  order  dia¬ 
grams  . 


7C 


6)  The  Scattering  Matrix 


The  problems  involved  in  Lagrangian  field  theory 
in  general  and  in  its  application  to  strong  interactions 
in  particular,  have  led  to  the  search  for  different  for¬ 
mulations  of  quantum  field  theory.  In  these  new  fomula- 
tions  one  tries  to  avoid  ;  1)  making  detailed  assumptions 
about  the  form  of  the  interaction  and  2)  the  use  of  per¬ 
turbation  theory. 

A  useful  approach  is  the  pragmatic  S-matrix  for¬ 
malism,  initiated  by  Heisenberg  (ref. 59)  for  ordinary 
quantum  mechanics . In  this  approach  one  does  not  make  any 
detailed  assumptions  about  the  interaction.  The  basic 
physical  ingredients  in  the  S-matrix  theory  are  the 
asymptotic  states  of  the  particles,  long  before  and  long 
after  the  interaction  takes  place.  The  S-matrix  elements 
are  defined  as  the  overlap  of  the  initial  and  final 
states.  Once  the  S-matrix  elements  of  a  reaction  are  known, 
then  it  is  possible  to  derive  observable  quantities 
such  as  cross-sections,  lifetimes,  etc.  The  matrix  elements 
can  be  calculated  if  vie  know  the  form  of  the  interaction. 
Hov;ever  if  we  do  not  know  the  details  of  the  inter¬ 
action,  it  is  possible  to  derive  certain  relations  be¬ 
tween  experimentally  observable  quantities  under  a  num¬ 
ber  of  general  assumptions,  using  the  dispersion  relation 
technique.  These  general  assumptions  include  the  unita- 
rity  of  the  S-matrix  and  the  usual  strong  interaction 
invariance  requirements.  Furthermore  one  makes  certain 
assimptions  about  the  analyticity  properties  of  the  scat¬ 
tering  amplitude.  A  justification  of  these  analyticity 
properties  is  not  so  easy  to  give.  A  proof  of  these  from 
the  principles  of  field  theory  is  only  possible  in  a  fev; 
limited  cases.  In  such  proofs  one  tries  to  relate  these 
analyticity  properties  v/ith  the  principle  of  causality 
( re  f .  6  0  )  . 
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The  field  theoretical  description  v/hich  can  be 
usea  to  understand  the  dispersion  relation  is  devel¬ 
oped  essentially  by  Lehmann,  Symanzik  and  Zimmerman 
(ref.  61) .  Their  approach,  which  is  generally  known 
as  the  LSZ-formalism,  represents  an{!extension  of  the 
S-matrix  approach  of  Heisenberg. 

In  the  following  we  shall  consider  the  S-matrix 
and  the  scattering  amplitude  in  the  LSZ-formalism. 

In  section  7  we  show  hov;  v/e  can  find  dispersion  rela¬ 
tions  for  the  scattering  amplitude.  It  will  be  neces¬ 
sarily  to  make  certain  assumptions  about  the  analyti- 
city  of  the  scattering  amplitude.  A  convenient  formu¬ 
lation  of  these  assumptions  is  given  by  the  Mandelstam 
representation,  which  will  be  discussed  in  section  8  . 
For  simplicity  we  consider  the  unrealistic  case  of 
spinless  neutral  nucleons  (ref.  52).  We  shall  indicate 
what  modifications  are  necessary  to  introduce  spin  and 
iso-spin . 

The  assumption  one  makes  is  that  the  positive 
energy  states  form  a  complete  set.  We  denote  these  by: 

{f  (x)}.  We. suppose  that  f  (x)  is  a  wave  packet. 

a  -  -  a 

Then  we  can  adopt  the  normalization  : 

i/d^x  f  (x)  fp(x)  =  6  (53) 

a  9Xq  g  ag 

I  t  is  easy  to  show  that  this  is  preserved  in  time. 

Essential  concepts  in  the  S-matrix  approach  are 
the  asymptotic  free  states  in  the  infinite  past  and 
the  infinite  future.  The  analogues  in  the  LSZ- 
field  theory  are  the  so  called  ’in-field  (x)  ’  and  the 
‘out-field  (j)^(x)'.  Annihilation  and  creation  opera¬ 
tors  for  these  field  operator$can  be  introduced  by 
their  expansion  in  {f^(x)}  : 
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♦  ■  (X) 

= 

Z  [a  f  (x) 
a  a  a 

+ 

a 

f*  (X)] 

(54a) 

0 

-e- 

= 

Z  [b  f  (x) 
a  a  a 

+ 

+  b^ 
a 

(54b) 

a  and 

a 

i- 

a 

a 

are  respectively 

annihilation 

and  creation 

operators 

for  a  particle 

in  a 

state  f  (x) 
a 

of  the  in- 

field.  For  the  out-field  we  have  similarly,  creation 

i 

and  annihilation  operators  b  and  b  .  From  the  norma- 

a  a 


lization  relation 

(53) 

we  can  conclude  : 

a  =  i/d^x 
a 

* 

f  (x) 
a 

< — > 

3Xo 

Cf)^(x) 

(55a) 

a"^  =  i/d^x 
a 

<!•  (x) 

d 

3Xo 

f  (x) 
a 

(55b) 

b  =  i/d^x 
a 

* 

f  (x) 
a 

< - > 

3 

SXq 

4-0  (X) 

(55c) 

b^  =  i/d^x 
o: 

■< - >■ 

0 

-e- 

d 

SXq 

f  (x) 

a 

(55d)  . 

In  general 

the  field 

(j)  (x)  obeys 

an  equation  of 

the  form  : 

(Q-m2)  <^{x) 

=  j  (x) 

(56) 

where  j (x)  is  some  source 

function  for 

the  particles. 

Furthermore  we  assume  that  the  usual  commutation  rela¬ 
tions  hold. 

The  creation  and  annihilation  operators  for 
the  field  (x)  are  defined  by  : 

•k  ^ - ^ 

<|.  (x„)  =  i/d^x  f  (X)  ^  <(.  (x)  (57) 

^  a  0  a  oXq 

< — >- 

The  asymptotic  fields  (j)^  (x)  and  represent  the 
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field  ^  (x)  for  the  infinite  past  and  infinite  future 
in  the  following  way  : 


lim 

Xq-^-" 

<A  1 

1  B>  =  <A  1  a 

1 

(58) 

lim 

Xq-^^ 

<A  1 

1  B>  =  <A  1  b 
‘  ‘  a 

1 

1  A> 

and 

1  B>  represent  Fock  space  wave  func- 

tions.  The  scattering  operator  S  can  be  introduced  by 
the  equations  : 


a  a  a  a 


(59) 


We  adopt  the  phase  convention  s|o>  =  |o>  .  Using  this 
phase  convention  it  is  easy  to  see  that  : 

I  {a}  ,  i>  =  S  I  {a}  ,  o> 

In  this  expression  |  {a}  ,  i>  and  |  {a}  ,  o>  are 

Fock  space  functions  for  the  in  -  and  the  out  state 
respectively.  The  S-matrix  elements  have  therefore  the 
form  : 


Sr  1  =  <{3}  ,  o  {a}  ,  i>  =  <{3}  ,  o  S  {a}  ,  o> 

(a  3  i 

(61) 


In  the  following  we  restrict  ourselves  to  the  two-par¬ 
ticle  case.  The  S-matrix  elements  can  be  reduced  using 
the  relations  (53)  -  (58)  as  follov7s  : 


,S' 


<a^,3^  ;  o  |a,3 
i/d^y  <a ' , 3 ' ,o 


;  i>  = 

(y) 


<a  ^ , 3  ^ 

I  3> 


9y 


o 

f 


a 


T 

a 


o 


a 


(y) 


3> 


(62) 
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(63) 

lim  i/d^y  <a ' , 3 '  ;  o 

Y  ->  —  00 

O 

(y) 

9y 

o 

■< — > 

lim  i/d^y  <a ' , 3 '  ;  o 

V  ->oo 

-  o 

<1^  (y) 

6>  ^  f  (y) 

3yo  a 

i/d^y  ^  {<a',3'  ;  o  1 

•^o 

<P  (y)  1 

■< - > 

f  (y)  > 

dy  a 

o 

(64) 

The  first  of  these  two  terms  is  simply  : 


<a  ,B  ;  o  I  ;  o>  =  6^,^^  +  6*^ ,  ^  ^  6^^^, 


“  (S 

a  '  ,  3  '  ;  a  , 


(65) 


By  using  a  Green  identity  and  the  Klein-Gordon  equation 
(56),  we  find  for  the  second  term  : 


i/d''y  f^(y) 

<a' ,3' 

;  o  1 

j(y)  1 

3>  .  So^ 

,  3-^a  '  ,  3  ' 

"  *a' ,B' 

.  a  ,  3  "* 

■  i/d'^y 

f„{y)  <a',3' 

;  o  1 

j  (y)  1 

(66) 

The  factor 

<a'  ,3' 

;  o  1 

j(y)  1 

3>  can  be  reduced 

further 

<  a  '  ,  3  '  ;  o 

1  j (y)  1 

3>  = 

ca 

V 

j (y)  1  3>  = 

=  lim  i/d 

Xo->- 

^x  f  (x' 
a 

— > 

)  ' 

<3  ’  1  P 

(x) , j  (y)  } 

1  3> 

(67) 

As  we  consider  the 

limit 

we  can  always 

replace 

(f)  (x)  j  (y)  by  P  {(|)  (x)  j  (y)  }  as  V7e  did  in  (67).  After 
performing  a  partial  integration  with  respect  to  Xq  , 
one  can  show,  using  similar  arg-oments  that  led  from  (62) 
to  ( 64)  ,  that  : 


1*1^ 


4 


m 


IP 


75 


-  //d'+y  d^x  f^,(x)  <3'  |  P  {j(x),j(y)}  |  3>  f  (y) 

UC 

(68) 

Note  that  in  the  steps  leading  from  (67)  to  (68)  we  have 
tacitly  assumed  that  ; 

(□x  “  ^  {<<)  (x)  ,  j  (y)  }  =  P  {j(x),j(y)}  (69) 

which  strictly  speaking  is  not  quite  correct.  There  will 
appear  extra  terms  due  to  the  occurence  of  the  time- 
ordered  product.  These  terms  turn  out  not  to  influence 
the  discussion  in  a  significant  way,  so  we  drop  them  for 
simplicity  (ref.  62) . 

Although  most  of  the  derivations  involved  in  ob¬ 
taining  (68)  only  apply  in  the  case  of  wave  packets,  we 
frequently  use  plane  wave  solutions  : 

p 

fk^^)  =  (j—  (-^n)  ^  e  (70) 

Ek  =  ^0  "  (M^+k2)^/^  (71) 

Substituing  (70)  into  (68)  we  obtain  : 

^k  ^'k '  ^ 

S(k'k'  ,k  k  !  =  <k'k'  Ik  k  >  -  { — 1— L(2n)  6}-l/2  . 

121-2  1212  m2 

.  //d‘*y  d^x  <k'  |  J?  {j(x),j(Y)}  |  k  > 

2  2 

(72) 

We  note  that  the  plane  wave  solutions  are  eigenfunctions 
of  the  energy  momentum  operator  ^  ,  therefore  we  can 
write  after  a  few  manipulations  : 
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S(k'k',k  k  )  =  <k'  k'  Ik  k  >  -  {— J - 1-  (2n)  . 

12  12  12-12 

.  (21)“*  S'tfk  +k  -k'-k')  fd‘*x  <k' |P{j  (x)  ,  j  (o)  )  Ik  > 

12,12  2  2 

(73) 

The  transition  amplitude  F  can  be  defined  by  : 


F  (k  '  k  '  ,  k  k  ) 
12  12 


i.{ - 2 - Z.  (2n)  6)1/2 


M' 


/d^x  e  <k'  |p{j  (x)  ,j  (o)  }|k^> 


(74) 


(2n)  \-l/2 


S^.  =  6^.  +  i(2n)-  6(F^-K.)(F3^ 


1  2  1  2  M 


^fi 


(75) 


The  choice  of  the  normalization  allows  for  a  convenient 
comparison  with  the  Feynman  amplitude. 


'4 


r  .i  f  , 


i 


>• 


J 


I  V  V 

«  i  » 


( 


V . 


*•  .  .  ,  *)  * 


ao»’  i; 


(  ' 


f* 


«»•  • 


«■ 


I 

I  t  tjm 


7)  Dispersion  Relations 


In  this  section  we  shall  derive  dispersion  rela¬ 
tions  for  the  scattering  amplitude.  Dispersion  relations 
relate  the  imaginary  part  of  the  scattering  amplitude  to 
the  real  part.  This  is  done  by  considering  the  analytic 
continuation  of  the  scattering  amplitude  to  complex  va¬ 
lues  of  the  energy  variables. 

It  will  turn  out  that  the  scattering  amplitude  as 

defined  by  equation  (74)  is  not  a  very  convenient  tool 

for  this  technique.  First  we  shall  demonstrate  this  for 

the  relatively  simple  case  of  forward  scattering  in 

which  k'  =  k  and  k'  =  k  .  VJe  continue  by  introducing 
112  2 

the  more  useful  'causal  amplitude'.  For  the  causal  am¬ 
plitude  we  shall  derive  dispersion  relations  for  a  fixed 
value  of  the  momentuia  transfer  between  the  two  colliding 
nucleons . 

The  time-ordered  product  appearing  in  the  expres¬ 
sion  for  the  scattering  amplitude  (74)  can  be  written  as: 


P  { j  (x)  ,  j  (o)  }  = 

In  (76)  0(Xq) 

sented  by  : 


j  (x)  j  (o)  0(X|^)  +  j  (o)  j  (x)  0(-Xq)  (75) 

is  the  step  function,  which  can  be  repre- 


2ni 


+  00 
/ 


dw 


iwxp. 
e _ 0 

w-in 


(77) 


n  :  infinitesimal  small  positive  -number 
Substitution  of  (77)  and  (76)  in  (74)  gives 

^k  -ik  X 

F  =  -^  //dx  dw  {<k^|  j  (X)  j  (o)  |k^>  e 

+  <k  lj(o)  j(x)|k  >  (2n)2  ;  dx  e 

2  2 


iwx 


0  + 


dxdxQ 


(78) 
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We  assume  the  existence  of  a  complete  set  of  positive 
frequency  eigenfunctions  of  the  energy  momentum  ope¬ 
rator  •  Expansion  of  the  amplitude  in  this 

set  gives  : 


k  -ik  X 

F  -  //dx  dw  E  {<k  |j{x)  |p^><Pj^|j(o)  |lc  >  + 

n  z 


M 


+  I  j  (o)  |p  ><p  I j  (x)  I k  >  e 

2  II  n  2 


-iwx 


0}  (2n)2 


E, 


•ik  X 


e  1 


F  =  — 2.  //dx  dw 

M  w-in  ' p 


E  I  <k  1  (o)  p  > 
2  '  ^n 

n 


(79) 


After  performing  the  integrations  we  get  : 


E 


k 


6  3(k  -Hit  -P  ) 
1  2  ^ 


F  =  mf  -^.pJOc^jCo)  |p„>| 


+ 


1 


n 


6  3  (it  -it  -fp  ) 

+ - ] - 2 - P-  ...,..  ■} 

E,  -E,  H-E  -in 
k  k  p 
1  2  n 


(80) 


If  we  consider  the  complex  Ej^  -plane,  then  it  follows 

1 

from  this  result  that  we  have  poles  in  the  upper  half 
plane  as  well  as  in  the  lower  half  plane.  So  F  can  not 
be  continued  analytically  in  either  one  of  these  planes. 

We  define  the  scattering  amplitude  in  a  different 
way.  Consider  : 


P{j(x),j(o)}  =  [j(x),j(o)]  0(Xq)  +  j  (o)  j  (x)  (81) 

Substitution  of  (81)  into  (74),  omitting  the  term 
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j  (o)  j (x)  j  gives  the  so  called  retarded  causal  amplitude 
A  .  Instead  of  (81)  we  could  also  have  written  : 


P{j(x),j(o)}  =  -[j(x),j(o)]  0(-Xq)  +  j  (x)  j  (o) 


(82) 


Substitution  of  (82)  into  (74),  omitting  the  term 
j  (x)  j  (o)  gives  the  so  called  advanced  causal  amplitude  A 
We  consider  now  the  analyticity  properties  of  the 
retarded  and  advanced  causal  amplitudes.  Starting  with 
the  retarded  amplitude,  we  get^ after  substitution  of  the 
representation  of  0(Xq)  : 

E,  (S3) 

k  -ik  X 

//dx  dw  - — —  [<k  |j(x)  j(o)|k  >  - 

M  W“1T1  2  2 

-  <k  I  j  (o)  j(x)|k  >  (211)^ 

2  2 

If  we  perform  the  expansion  in  this  case, 

then  the  result  is  : 
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(84) 


Vje  see  that  the  only  difference  with  the  form  (80)  is 
the  sign  of  in  in  the  second  term.  This  is  very  impor¬ 
tant  because  it  implies  that  A^  has  no  poles  in  the 

upper  half  complex  E^^  -plane,  so  it  is  possible  to  con- 

1 

tinue  A  analytically  into  the  upper  half  plane. 

Similarly  for  the  advanced  amplitude  A  we  have; 
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The  advanced  amplitude  can  therefore  be  continued  into  the 

lov/er  half  complex  -plane.  We  can  define  the  causal 

1 

amplitude  A  by  : 


A  =  A^ 

for 

Im 

^k  " 

0 

1 

=  A^ 

for 

Im 

0 

(86) 

1 


The  causal  amplitude  A  is  manifestly  analytic  for  non- 

real  values  of  E, 

k 

1 

Next  V7e  discuss  the  more  general  case  in  which  we 

assume  a  fixed  non-zero  momentum  transfer.  We  extend 

Ej^  complex  plane,  and  v/e  consider  the  fixed 

2  2 

momentum  transfer  k  -k '  (ref.  52). 

11 

It  will  be  convenient  to  examine  the  situation  in  the 

Lorentz  frame  for  which  k  +k'=0  .  In  this  frame  the  mo- 

11^^ 

mentum  transfer  is  2k  =-2k'  .  We  can  write  : 

1  1 


k  E  {A,E,  }  E,  E  (M^  +  A^)^/"^ 

1  A  A 

k;  E  {-^,E^}  ^ 


(87) 


Using  the  space-time  translation  operator,  v/e  may  write 
the  retarded  amplitude  in  the  form  : 


=  i{E,^ 

2  2 


(2n)  3 

M 


/dx 


(k  +k ' ) 
e  2  2  2 
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From  the  conservation  of  energy  momentum,  one  can  obtain 

1 

an  expression  for  7r(k  +k '  )  : 

^22 


f i2ure_13 : 

momenta  for  the 
frame  in  which 

it  =-jt ' 

1  1 


lit'  I  =  |it  I  =  (a)2-M2)  (89) 

2  2 

it '-it  =  2  A  (90) 

2  2 

From  trigonometries  (figure  13) 
we  see  that 

y(it  tit')  =  (w^-E^)^/^  e  (91) 

^22  A 

|e|=l  ;  e.A=0  (92) 


Substitution  of  (91)  into  (68)  gives  : 
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( 2n ) ^  /dx  e 


.i5.S(ai2-E2)^/2  ^ 


ia3X 


0 


.  0(Xq)  <-A ,E^ I [ j (^x) , j (-^x) ] I A,E^> 


(93) 


We  notice  that  the  XQ-integration  is  not  only  restrict¬ 
ed  to  positive  values  due  to  0(x^)  ;  but  as  the  comi'nu- 

tator  [ j (^x) , j (-jx) ]  vanishes  for  space-like  separa¬ 
tions,  we  also  have  : 


I  1 

1  1 

l^'ni 

> 

1  ^  1 

(94) 


Consider  now  the  analytic  continuation  of 
the  complex  co-plane  : 


to 


(0  =  Reco  +  i  Imw  (95) 

From  the  special  case  of  forvjard  scattering,  for  which 

E  =  M  ,  we  know  that  can  not  be  continued  analyti- 

A  ^ 

cally  in  the  lower  half  co-plane.  The  dependence  of  A 
on  CO  comes  in  only  via  the  exponential.  We  should  the¬ 
refore  demand  that  this  be  well-behaved.  Because  of 
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condition  (94) ,  we  see  that  the  analytic  continuation 
to  the  upper  half  w-plane  is  possible  if  ; 


Imoj  >  Im  (co^-E^ )  ,  for  all  values  w  (96) 

for  which  Im  w>0 

This  condition  can  be  satisfied  only  for  negative  values 
of  ,  which  are  unphysical.  A  possible  way-out  of 

this  problem  was  suggested  by  Bogoliubov  (ref.  63).  The 
method  consists  of  replacing  E^  in  the  exponential  by 
a  negative  real  constant  y  •  Then  the  dispersion  rela¬ 
tions  are  derived,  and  finally  the  analytic  continuation 

is  considere*d  for  y  =  E?  ^ 

A 
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A  =  i 


M 


(2n ) ^  /dx  e 


-IX  , 


(0)2- y)^/^  + 


10)X 
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0(Xq)  <'-A,E^|  [j  (|x)  ,j  (~|x)]  |a,E^> 


(97) 


A  similar  expression  for  A  can  be  found  by  adding  a 
minus-sign  and  replacing  0(Xq)  by  0(-Xq)  . 

By  using  the  relation  0(Xq)  =  •^(1+0(Xq))  in  which  e(xQ) 
is  the  signf unction ,  we  can  find  the  real  and  imaginary 
parts  of  A^  and  A^  .  From  these  we  notice  that  : 


Im  A^  =  ~lm  A^  =  ~(A^“-A^) 
Re  A^  =  Re  A^ 


(98) 


The  definition  (86 )  of  the  causal  amplitude  A  can  be 
extended  for  non-forv7ard  scattering  : 
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0 

for 
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From  tl') 


elation  (98)  and  the  definition  (99),  we 


notice 


L- 


I  t  J 


^  .'C  i .. 


.1 


)  - 


■Jj 


•  f  If: 

vET 


• ,  r  -j  i  i{  i. 


t 


t 


•  K 

*  .  -  *  *  »  '< 

'  -  iHi. ;  T 


•1 


s, 


5); 


a 


'  •■.'  I  ■ 


•  :>} 


Ti 


■■ili)  ^l ;  r-^ 


that  the  causal  amplitude  satisfies  the  so  called 
Schwartz  reflection  principle  : 

A(w*)  =  (A(co))*  (100) 


Here  we  denote  explicitely  the  to-dependence  of  A  . 

The  relation  of  this  property  and  the  required  time- 
reversal  invariance  of  A  can  be  seen  from  the  expres- 
sion  (97)  for  A  ,  the  similar  expression  for  A  and 
the  definition  of  A  (99) .  A  and  A  transform,  into 
each  other  under  oa-^-w  . 

Next  we  discuss  A  for  real  values  of  w  in 
some  detail.  Again  we  assume  the  existence  of  a  complete 
set  of  eigenstates  of  the  energy  momentum  operator,  cor¬ 
responding  to  the  non-negative  values  of  the  energy.  In 
the  following^  denotes  the  energy  of  the  exchanged 

particles  in  their  rest  frame.  We  shall  use  the  complete¬ 
ness  relation  ; 


^nu  <5  (P^+a2)  |p^,y><p^,p  I  =  I 


(101) 


|p^^,lj>  :  u  specifies  the  type  and  number  of  interme¬ 
diate  particles  v;ith  4-momentum  p^  . 

In  the  following  we  suppress  the  index  y  in  • 

r 

The  expansion  of  Im  A  is  : 


T  TV  ^  A 

Im  A  = 

M 


(2II)  ^  //dx  da^-  e 


Z  6  (p2  +  a^)  {<-A,E  I  j  (^x)  Ip  ><p  h  ("-yx)  |  A,E 

nu  ^n  A  '  2  '  n  n  z 


.,A  1/2^  • 


2  -X.  e  (03“^“  y) 


H-itox 
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(102) 


After  performing  the  space-time  integration  and  a  few 
manipulations,  we  get  : 
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E 

Im  =  {2Jl)  ^  ~  fdu^  6  (p2  +  a2)  <-a,E^  I  j  (o)  |p^> 

•  <P^!  j  (o)  I  A  ,E^>  {6  3(p^-(co2_^)1/2  6  (a2-E2- Y-2E^a3)  - 

-  6  3(p^+(a)2-Y)^^'^'  e)  6  (a^-E^- Yf2E^w)  } 


(103) 


If  the  mass  of  an  intermediate  particle  is  m  ,  V7e  have 
a  discrete  value  for  o^=m^  and  a  continuum  for  a^>4m^  . 
From  (103)  we  see  that  the  first  term  vanishes  for 

g2_jj2_Y  o2_g2_Y 

w  ^  — 22 -  second  for  w  -  — 22 -  •  pos- 

■^A  "^A 

T 

sible  real  values  of  m  for  which  Im  A  may  be  non¬ 
zero,  are  therefore  : 


two  discrete  values  for 


two  ranges  of  values  for 


0) 


= 


m^-E^—  Y 
A  ' 

2E. 


A 

2E, 


<  00 


(104) 

(105) 


From  the  Schwartz  reflection  principle  we  notice  that  we 
can  continue  A  analytically  in  the  complex  w-plane, 
which  has  two  poles  and  two  cuts,  given  by  (104)  and  (105) 
illustrated  in  figure  14. 
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figure_14 :pole  -  and  cut  structure  of  the 
complex  (jj-plane 
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We  are  now  able  to  derive  the  dispersion  relation  for 
A  by  using  the  Cauchy  theorem.  If  we  assume  that  A(a)) 
vanishes  sufficiently  rapid  for  |  o)  | ->-°o  then  using  the 
contour,  illustrated  in  figure  14  : 


A  (w+in ) 


1 

2ni 


/  A  ( gj '  +i  n  '  ) 

to '  -o-in 
—  00  ‘ 


do' 


n '  <n 


(106) 


^  and  n  are  real,  n  and  n'  are  positive 
infinitesimal  small. 

From  (100)  and  (103)  -  (106)  v/e  find  dispersion  rela¬ 
tions  of  the  form  : 


A(to)  = 


to-to  (m)  to+to  (m)  IT 


T  -to  (2m)  _  ,  ,  ,  s 

,1,  n,ImA(to')  , 

+  —  /  dto'  — i - — -  + 


to  -to-iri 


1  “ 
o  (2m) 


dto 


'  irn  A  ( 0) '  ) 
to '  -to-iri 


(107) 


and 


Re  A  ( to )  = 


to-to  (m)  to+to  (m)  n  to '-to 


CO 

-I-  P  r 

I  ^ 

to  (2m) 


dto 


,  Im  A  ( 00 '  ) 
to '  -to 


(108) 


One  should  keep  in  mind  that  these  relations  were 
derived  for  negative  values  of  y  .  To  find  dispersion 
relations  for  the  physical  value  r  ^^e  have  to  con¬ 

sider  the  analytic  continuation  of  A  (to)  from  y<0  to 
.  A  general  proof  that  this  is  possible  has  not  vet 
been  given.  We  shall  assume  however,  that  such  a  continu¬ 
ation  is  possible. 
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8 )  The  Mandelstam  Representation 

As  an  introduction  to  the  Mandelstam  representa- 
tion  we  first  consider  the  scattering  amplitude  which 
not  only  applies  for  the  particle-particle  scattering, 
but  also  for  the  crossed  particle-antiparticle  process. 

We  consider  again  a  fixed  momentum  transfer  k  -k '  : 

Im  A  =  - 1— -  (2n)  3  /dx  e  ^  '  |  [  j  (y)  ,  j  (-^)  ]k  > 

(109) 

In  (109)  we  introduced  the  source  operators  j  and  j 

1  2 

The  physical  significance  of  these  is  (ref.  52)  : 

<k' li  (^x)  i  (-ix) ik  >  :  accounts  for  the  nucleon- 

1  '  1  ^  2  2  '  1 

nucleon  scattering  (110) 

<k'li  (-i-x)  j  (4x)  Ik  >  ;  accounts  for  the  ‘crossed' 

1  I  2  2  1  2  ' 

nucleon-antinucleon  scattering 
process  (111) 

The  expansion  of  Im  A  into  a  complete  set  of  intermediate 
states  gives  : 

Im  A  =  - - (2n)'^  fdo^  6(p2  +  a^)  . 

.  {Sip  -k  -k  )  <k'|j  (o) Ip  ,y><p  ,y| j  (o) |k  >  - 

“n2l  11  “  “  2  1 

-  6(p-k+k')  <k'|j  (o) |p^,y><p^,y| j  (o) |k  >} 

(112) 

We  consider  the  first  term,  which  describes  the  nucleon- 
nucleon  scattering,  in  some  detail.  If  we  assume  that 
there  is  no  bound  state  of  the  two  particles,  the  con¬ 
servation  of  energy  implies  a  lower  bound  on  the  values 
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of  the  intermediate  state  of  4M^  ,  A  bound  state 
would  result  in  a  discrete  value  of  lower  than 

4m2  ,  because  of  the  negative  binding  energy.  This  first 
term,  denoted  by  Im  A  ,  reduces  to  : 


Im  A  = 
s 


i  L 


M 


( 2n ) '  2  6 (p  -k  -k  )  . 

nu  ^n  1  2 


0(s_4h2)  <k'|j  (o) I , y ><p^ , u I j  (o) |k  > 
11  n  n  '  2  1 


(113) 


In  (113)  s  denotes  :  s  =  -  (k  +k  )  ^  .  If  we  iust  assume 

1  2 

elastic  scattering,  y  only  stands  for  both  the  nucleons 

As  the  value  of  s  increases,  inelastic  channels  might 

open  up.  i 

In  the  second  term,  for  the  nucleon-antinucleon 

scattering,  we  may  interpret  <p  Ij  (o) Ik  >  as  the  fac- 

n  ]_  '  1 

tor  that  denotes  the  annihilation  of  the  nucleon-anti¬ 
nucleon  pair,  and  the  creation  of  the  intemediate  mesons 
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cess . 

This  term 

Im  A 

-  - 1 - 
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6 (m^-u)  <k 

1/2 
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1  2 


(2n) 
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+  I  6(p  ~k  +k')  0(u-4m2)  <k'|j  (o)|p  ;2><p  ;2!j  (o)|k  >  + 

n  n  1  2  1  '  2  '  n  '  -  '  - 


1 


1 


+  E  6 (p  -k  +k ' )  0(u-9m2)  <k'|j  (o)|p  ;3><p  ;3|j  (o)|k  >. 

n  n  1  2  12  ^  .1  1 


(114) 


there  u  denotes  :  u  =  -(k  -k')^ 

1  2 


The  first  term  in  (114)  gives  the  one  particle  exchange 
contribution,  the  second  the  two  particle  exchange  etc. 
(for  simplicity  we  assume  one  type  of  meson) . 
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If  we  define  w  as  in  the  last  section,  v/e  find 
a  pole-cut  structure  of  the  complex  co-plane  as  shown  in 

I 

figure  15  ; 
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structure  of  the 

complex  co-plane 


If  we  also  assume  that  A(‘^)  vanishes  sufficient¬ 
ly  rapid  for  |  co  [ ->■'»  ,  we  get  the  dispersion  relation  : 


A  (  CO  )  = 


CO 


+  (o  (mT 


,  -CO  (2m)  Im  A  (co '  )  ,  “ 

^  I  dco*  - T”-^ -  +  ~  /  da)' 

n  CO  -co-i'n  ii  /oT^\ 

CO  (2M) 


Im  A  (a) '  ) 


CO  -CO- rn 


(115) 

We  notice  that  equation  (113)  can  be  identified  with  the 
unitary  condition  for  nucleon-nucleon  scattering.  The 
dispersion  relation  (115)  implies  that  the  scattering 
amplitude  for  the  nucleon-nucleon  scattering  depends  on 
the  singularities  due  to  processes  in  particle-antipar¬ 
ticle  scattering. 

One  may  argue  that  the  properties  of  the  scattering 
amplitude  are  dominated  by  nearby  singularities  (ref.  64), 
when  we  consider  the  analytic  continuation  of  the  scatter¬ 
ing  amplitude  into  the  complex  plane  of  the  appropriate 
variables.  For  the  case  of  nucleon-nucleon  scattering, 
this  means  that  we  can  expect  the  largest  contributions 
from  the  one  meson  exchange,  the  next  important  contri¬ 
butions  come  from  the  two  meson  exchange  etc. 
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From  {87)  one  sees  that  the  transformation 

k  ->~k  ;  k'->--k'  implies  that  (jo->--co  .  In  that  case  we  are 

2  2  2  2 

in  the  'physical  region'  of  the  nucleon-antinucleon  pro¬ 
cess.  Similarly  equation  (114)  represents  the  unitarity 
for  the  nucleon-antinucleon  scattering. 

For  a  systematic  discussion  of  the  crossing  rela¬ 
tions  it  is  useful  to  work  with  the  Mandelstam  variables 
s  ,  u  and  t=-(k^-k')^  .  The  dispersion  relation  (115) 
in  terms  of  Mandelstam  variables  is  found  by  using  ; 


LO- 


s-2e2 

A 


2E 


A 


then 


u-2e2 

A 

2E. 


A^  =  -4t 


s+t+u 


4M- 


(116) 


A  ( s  ,  u ;  t )  = 


_  g‘ 


+ 


m^-u 


n 


/  ds' 
4m2 


Im  A  (s  '  ,  t) 
_ s 

s ' -S"i n 


+ 


T  «>  Im  A  (u'  ,t) 

+  ^  ;  du-  - A-.-A_ 

I!  u'-u-in 


(117) 


This  is  the  scattering  amplitude  for  a  fixed  value  of  t  . 
The  physical  region  for  the  s-channel  scattering  is 
s>4m2  ,  t<0  ,  u^O  .  It  is  easy  to  see  by  using  the 

condition  s+t+u=4M2  ,  that  this  region  is  equivalently 
determined  by  s^4M2-t  and  t<0  .  By  comparison  with  the 
first  term  in  the  dispersion  relation  (ll7) ,  we  notice 
that  the  integration  over  s'  involves  the  unphysical 
region  4M24s<4M2"t  .  This  problem  is  solved  if  we  assume 
that  the  so  called  Mandelstam  representation  is  correct 
(ref.  65,66). 

The  Mandelstam  hypothesis  states  that  the  amplitude 
A  is  an  analytic  function  in  the  three  variables  s  ,  t 
and  u  except  for  possible  cuts  and  poles  on  the  real 
axes  of  these  variables.  The  three  processes  that  are 
related  to  each  other  correspond  to  a  certain  domain  of 
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values  for  s  ,  t  and  u  .  All  these  processes  are  des¬ 
cribed  by  the  same  scattering  amplitude  (see  figure  16) . 
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^  channels  with  their 

physical  domains 


Equation  (117)  is  the  form  of  the  dispersion  relation 
for  a  fixed  value  of  t  .  Similarly  for  a  fixed  value 
of  s  ,  the  form  of  the  dispersion  relation  is  : 


A(t,u;s)  = 


g 


2 


+ 


m 


2„ 


u 


m 


CO 

^-t  4m2 


g 


A.  (t '  , s) 

dt'  -  + 

t  -t”iri 


,  «>  A  (u'  ,s) 

+  ~  /du'  -V - - 

n  u'-u-in 


(118) 


In  this  expression  the  integration  over  the  t-varia- 
ble  and  the  pole  in  t  is  due  to  the  unitarity  condi¬ 
tion  for  scattering  at  a  fixed  value  of  s  in  the  t- 
chanriel . 

The  dispersion  relations  (117  )  and  (118  )  are  the 
so  called  single  spectral  representations  of  the  scatte¬ 
ring  amplitude.  The  Mandelstam  representation  is  a 
double  spectral  representation  of  the  scattering  ampli¬ 
tude  from  which  we  can  deduce  the  three  single  spectral 
representations.  The  representation  exhibits  the  Mandel¬ 
stam  hypothesis  concerning  the  analyticity  of  the  scat¬ 
tering  amplitude  : 
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A{s,t,u)  = 


CO  00  /  I  I  \ 

1  ^  .1  A(s',u) 

pole  terms  +  /  ds  /  du  {Ip-iT 

s  u 

o  o 


+ 


n 


/  ds'  /  dt 


o 


A (s '  , t '  ) 

(s ' -s) (t ' -t) 


+ 


+ 


/  du '  /  dt 

u  t 

o  o 


A(u' ,t' ) 

(u' -u) (t ' -tT 


(119) 

The  double-spectral  functions  are  real  and  analytic. 
Clearly  singularities  appear  only  for  real  values  of  the 
Mandelstam  variables.  The  three  single  spectral  disper¬ 
sion  relations  are  easily  found  by  splitting  the  product 
in  the  denominator  into  a  sum. 

An  attractive  graphical  illustration  of  the  Mandelstam 
representation  is  shown  in  figure  17  : 

figure^l?  : 
the  pole  and  cut 


structure  for  the 
fixed-t  scattering 
amplitude  is  found 
by  simply  looking 
at  the  intersections 
of  the  fixed-t  line 
with  the ’ process ' lines 


The  cut  s-plane  is  shown  in  figure  18. 
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figure  18: the  pole  -  and  cut  structure  of  the 
complex  s-plane 
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Up  to  this  point  we  have  considered  the  unrealis¬ 
tic  case  of  neutral  spinless  nucleons.  If  we  deal  with 
spin  1/2-Fermions  instead  of  Bosons,  (74)  should  be  re¬ 
placed  by  : 


1/2 


F  =  i 


M 


(2n)  3  /d  X  u  ,  (k'  )  e 


<s'k'|T{j  (x) ,j  (o)}|s  k  >  u  (k  ) 

22  1  2  2  2  1 


(120) 


In  (120)  j  (x)  is  the 
(  iY*'  ^  +  M)  T  (x)  =  j 

dX  1 

■y  ^ 

The  Dirac-adjoint  source 

•<- 


^  (x)  (“iy^  +  M)  =  j 

2  “*2 


Fermion-source  operator 
(x) 

1 

operator  j  (x)  is  : 

2 

(x) 


(121) 


(122) 


The  rest  of  the  treatment  can  be  given  along  the  same 
lines  as  in  §7  and  §8  .  Furthermore  if  we  consider  the 
scattering  for  a  given  value  of  the  total  angular  momentum 
and  isotopic  spin, we  can  express  the  scattering  amplitude 
in  terms  of  an  appropriate  set  of  five  covariant  am¬ 
plitudes.  This  is  a  consequence  of  the  strong  inter¬ 
action  invariances  and  was  discussed  in  some  detail  in 
chapter  I.  '^As  there  are  two  values  of  the  isotopic  spin, 
we  require  a  set  of  ten  independent  amplitudes.  For 
each  of  these  ten  independent  amplitudes  one  can  use 
dispersion  relations  as  shown  for  the  neutral  spinless 
case.  The  situation  is  however  not  as  complicated  as  it 
seems  to  be.  Due  to  the  Pauli  exclusion  principle,  there 
are  relations  among  the  3x10=30  double-spectral  functions 
A(x,y)  .  It  is  important  to  make  a  clever  choice  of  the 
ten  independent  scattering  amplitudes  to  exhibit  the  re¬ 
lations  implied  by  the  Pauli  principle  in  a  convenient 
fashion. 


*)  for  the  non-relativistic  case 


t-t 


9)  Dispersion  Relations  :  Conclusions 


General  rigorous  derivations  of  dispersion  rela¬ 
tions  from  an  axiomatic  field  theory  are  not  available. 

We  notice  that  we  can  prove  them  for  the  forward  scatte¬ 
ring  case  (no  unphysical  region  (figure  17)  or  equiva¬ 
lently  y=0  in  (103)). If  we  adopt  the  Mandelstam  hypo¬ 
thesis,  we  can  write  down  dispersion  relations.  These 
give  a  new  approximation  technique,  which  is  not  trou¬ 
bled  by  the  deficiences  of  the  perturbation  expansion  in 
Lagrangian  field  theory.  The  residues  of  the  pole  terms 
provide  a  natural  operational  definition  of  the  cou¬ 
pling-constants.  The  dispersion  relations  permit  one  to 
discover  a  number  of  relations  betv/een  by  crossing  con¬ 
nected  processes.  We  can ^ for ' instance ^use  empirical  data 
concerning  meson-nucleon  scattering  to  calculate  cross- 
sections  for  nucleon-nucleon  scattering.  This  comes 
about,  because  the  meson-nucleon  scattering  process  is 
by  crossing  connected  with  the  'two  meson  nucleon- 
antinucleon'  process.  This  last  reaction  accounts  for 
the  two  meson  contribution  in  nucleon-nucleon  scattering. 

A  disadvantage  of  the  technique  is  that  it  only 
applies  for  a  fixed  momentum  transfer.  This  restriction 
implies  that  we  can  not  use  it  for  the  determination  of 
the  off-shell  behaviour  of  the  interaction. 

Although  we  need  not  to  make  assumptions  about  the 
details  of  the  interaction,  we  should  now  accept  the 
Mandelstam  representation.  Another  assumption  that  was 
used  in  writing  down  the  dispersion  relation  was  that 
A(a))  vanished  sufficiently  rapidly  for  |  co  | .  More  pre¬ 
cisely  this  condition  is  (for  the  complex  s-plane  and  a 
fixed  value  of  t  )  : 


lim 
I  s 


A (s,u;t) 


<  c  s 


-b 


->co 


c,b  are  constants  ,  b>0 


(123) 
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If 


1  j.m  |A(s,u;t)  <  c  s 


+N~b 


,  whe  re 


(124) 


s  ->•“ 


N  is  an  integer 


/ 


then  we  can  obviously  derive  the  dispersion  relation  for 
the  function  : 

A^(s,u;t)  =  A (s ,u;t) . {n (s-a^) (125) 

i 

a .  are  real  distinct  constants  , 

1 

If  we  then  substitute  (125)  into  the  dispersion  relation 
for  Aj^(s,u;t)  ,  we  find  the  relation  for  A(s,u;t)  . 
V7ritten  in  the  variable  s  ,  we  obtain  : 


+  {A  stA  s^t.  .A-^s^}  + 
1  2 


(126) 

This  is  the  socalled  N-subtracted  .  dispersion  relation. 


nel.  We  notice  the  appearance  of  N  adjustable  constants. 
From  field  theoretical  considerations^  it  can  be  shov^n  that 
no  more  than  two  subtractions  are  necessary  (ref.  60). 
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Appendix  Helicity  vStaties  and  Partial  Waves 


In  the  elastic  nucleon-nucleon  scattering,  the 
experimental  phase  parameters  are  expressed  in  the  JLS- 
representation .  The  theoretical  calculations  are  most 
conveniently  performed  by  using  the  helicity  represen¬ 
tation,  introduced  by  Jacob  and  Wick  (ref.  67) .  In  this 
section  v^e  consider  the  helicity  representation  and  its 
relation  to  the  JLS-representation . 

We  can  specify  a  two-nucleon  system  in  a  given 
iso-spin  state  with  a  cm-momentum  p  and  the  helicities 

X  and  X  ;  by  : 

1  2 


I  — ^ 

|p^ 


X  > 
2 


(1) 


This  representation  is  very  useful  for  the  calculation 
of  Feynman  amolitudes.  We  consider  how  it  is  related  to 
a  representation  in  which  one  specifies  the  total  angu¬ 
lar  momentum  JM  ;  the  magnitude  of  the  cm-momentum  p 
and  the  helicities  X  and  X  .  To  this  end  we  expand 


pX  X  > 
"  1  2 


2 


pX  X  > 
1  2 


'JM  'JM 


n^^,(px  X  )  IpJMX  X  > 


1  2 


1  2 


(2) 


In  the  following  we  shall  frequently  write  p  in  terms 
of  its  spherical  components  p  0  (j)  ,  illustrated  in  the 
figure.  We  notice  that  in  the  cm-system  the  total  heli¬ 
city  X  is  given  by  : 


X  =  X  -X  (3) 

1  2 

If  p‘  is  pointed  along  the  posi¬ 
tive  z-axis,  then  : 

M  =  X  (4) 


figure  19 
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so  : 

|pOO;A  X  >  =  E  riT-CpOOyX  X  )  IpJXX  X  >  (5) 

12  J  J  12  12 

The  state  |p0cf)X^X  >  can  be  found  from  (5)  by  performing 
a  rotation  j 


|p0(|;;X  X-  >  =  R(0(j))  |dOO;X  X  > 
12  "12 


(6) 


where  R(0(|))  =  e  e  e^'^z^ 


using  : 


R(04.)  |JH>  =  |JM'> 


(7) 


and  (2) ,  (5) ,  (6) ,  we  get  the  relation  : 


n  ..(n0(|);X  X  )  =  p  fpOO;  X  X  )  .(<j)0”!i) 

JM  12  ^  12  XM 


(8) 


Suppressing  the  variables  in  rij  r  we  find  by  substitu¬ 
tion  of  (8)  into  (2)  : 


|px  X  >  =  E^,,  \pJMX  X  > 

12  J  XM  *'•  12 

From  the  orthonormality  relations  of  the  -functions 
follows  that  for  : 


(9) 


/2J+1. 1/2 

''j  = 


(10) 


the  states  { I pJMX  X  >}  are  normalized  : 

12 


<p' J'M' X  '  X  '  |pJMX^  X^>  .  j'^mm'^X  '  X  '^X'X  (11) 


12  12 


11  2  2 


The  relation  of  the  representation  {|pJMX^X^>}  and 
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{|pJMLS>}  is  : 

|pJMLS>  =  ^  |SX)  (LOSX  I  JX)  IpJMX  X  > 

12  12  12 

(12) 

A  proof  for  this  relation  can  be  found  in  reference  68. 

Let  us  consider  matrix  elements  of  a  transition 
operator  M  in  terms  of  the  helicity  representation  : 

{ <  p ' X ' X ‘  I M I pX  X  > }  (13) 

12  12 


and  see  how  the  matrix  elements  of  M  in  terms  of  the 
representation  {|pJMX^X^>}  can  be  found  from  these. 
Without  loss  of  generality  we  can  choose  p  along  the 
positive  z-axis  and  p'  in  the  x-z-plane.  Then  : 

|pX  X  >  =  IpJXX  X  >  (14) 

'■^12  J  4n  12 


and 


p’ X  '  X  '  > 
1  2 


^J'M' 


1/2  J' 

^”4n  ^  M'X' 


(0) 


p  ’  J  '  M  ’  X  '  X  ’  > 
1  2 


(15) 

0  denotes  the  angle  between  p  and  p 

Upon  substitution  of  (14)  and  (15)  into  (13) ,  we  get  : 


<p’X'X'  iMlpX  X  >  =  d^.  ,  (0)<p'JXX'X'  |m  IpJXX  X  > 

1212  J  .  12  12 

(16) 


*)  Brown  and  Jackson's  equation  (ref.  4) is  wrong,  as  it 
includes  a  summation  over  M  and  M-dependencies  in 
the  elements. 


For  the  reduced  <i)-matrix  elements  d^^,(0)  simple  ex¬ 
pressions  exist  in  terms  of  the  familiar  Legendre  poly¬ 
nomials  P^(cos0)  . 

lJ 

In  chapter  I  we  showed  in  the  LSJ-representation 
that  there  are  five  independent  scattering  matrix  elements 
for  each  value  of  the  energy  and  total  angular  momentum 
quantum  numbers.  We  have  in  general  one  spin-singlet  ele¬ 
ment,  one  for  the  uncoupled  spin-triplet  state  and  three 
for  the  coupled  spin-triplet  states.  This  holds  for  Lt^O 
and  on-shell  scattering,  and  is  a  consequence  of  time- 
reversal  invariance,  parity  conservation,  charge  indepen¬ 
dence  and  the  Pauli  principle.  The  last  three  principles 
imply  the  conservation  of  total  spin.  These  conservation- 
laws  imply  the  following  for  matrix  elements  in  the 

{IpJMX  A  >}  -  representation  ; 

12 

timeTi'eversal  invariance  : 

<A  ’  X  '  (p)  I  A  A  >  =  <A  A  |m'^(p)  I  A' A'> 

12  12  12  12 

parity  conservation  :  =  <-A'~A'  |M'^{p)  I -A  -A  > 

12  12 

J 

total  spin  conservation  :  =  <A^A’  |m''  (p) 

(17) 

In  (17)  we  have  used  the  notation  <pJ  |m  |  Jp>EM'^  (p)  . 

One  can  also  define  spin-singlet,  'uncoupled' 
spin-triplet  and  three  'coupled'  spin-triplet  matrix  ele¬ 
ments  in  the  { I pJMA  A  >}  -  representation.  To  this  end 

12 

we  have  to  combine  states  to  ones  with  a  definite  parity 
and  total  spin.  We  obtain  :  . 
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spin-triplet 
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notation  : 

pj  dependences  are 
suppressed  , 


+=+|  : 


1 

2 


(18) 


The  spin-singlet  matrix  element  is  clearly  : 

Mq(p)  =  <++|m‘^(p)  [  h-4->-<+4- I (p)  |“->  (19) 

The  uncoupled  spin-triplet  matrix  element  may  be 
found  by  checking  vjhich  of  the  spin-triplet  states  in  (18) 
does  not  couple  to  one  of  the  others.  Using  the  relations 
(17)  ;  it  is  easy  to  see  that  this  is  the  spin-'triplet 
state  with  the  minus-sign.  So  : 


’ uncoupled ' 
spin-triplet 


' coupled ' 
spin-triplet 


M‘^(p)  =  <+- (p)  I +->“<+- (p)  I -+> 

1  ^ 
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M 

(P) 

=  <++ 
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(p) 

-f+>  +  <-f-+ 

M‘^(p)  1— > 

1  1 
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M 

2  2 

(P) 

=  <-f- 

M 

(P) 

H —  >  +  <  H — 

M"^(p)  1-1- > 
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(P) 

=  2<'i-- 

l-jM 

(P 

)  |+“> 

V 

1  2 

(20) 


(21) 


(p)  is  the  non-diaaonal  element.  Clearly  the  matrix 
12  '^ 

elements  for  the  uncoupled  states  are  the  same  as  the 
equivalent  ones  in  the  JLS-reoresentation .  Using  the 
notation  of  chapter  I,  we  have  : 


Mj (p)  =  Mq (p)  (22) 

M__(p)  -  M‘^(p) 

JJ  1  •' 


(23) 


o  I  , . 
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Although  the  functions  (  | +->+ | -+> )  and  — -(  I ++>+ I --> ) 

/2  /2 

span  the  same  subspace  as  |l=J+1,S=1>  and  |l=J-1,S=1>  , 
there  is  no  reason  to  believe  that  these  represent  simi¬ 
lar  states.  In  order  to  relate  the  coupled  spin-triplet 
elements,  we  have  to  use  equation  (12)  : 


n  -.(P) 

J+1 ,  J 


(p) 


1 

2  J+1 


1 

2J+1 

•  % 

1 

2J+1 


[(J+DM*^  (p)+JM‘^  (p) +2/j  (J+DM*^  (p)  ] 
11  22  12 

[JM^  (p)  +  (J+Dm''"^  (p)+2/j  (J+DM'^  (p)  ] 

11  22  12 

[/J  (J+1)  (M^  (p)-M'^  (p))-JM‘^  (p)] 

22  11'  12 


(24) 

(25) 

(26) 


The  representation  {  pJMX  X  >}  is  very  useful  in  itself, 

12 

but  in  the  context  of  the  low  energy  nucleon-nucleon  scat¬ 
tering  it  merely  serves  as  an  intermediate  bctv/een  the 
'theoretical'  helicity  representation  and  the  'experimen¬ 
tal'  JLS-representation  .  The  calculation  of  the  matrix 

elements  in  the  { | pJMA  X  >}  -  representation  from  those 

12 

in  the  helicity  representation,  is  frequently  done  by  in¬ 
troducing  a  set  of  so  called  helicity  amplitudes  : 


f  ^  (z)=<0  '  (|)  '  ;++  |m(p)  I  Gcf)  ;++>-<0  '  (p  '  ,*++  |M  (p)  |  0(})  ;--> 


f  (z)=<0'4)'  ;++|M(p)  j0(|)r++>  +  <0'(|)'  ;++]M(p)  [Gcf);  —  > 

2 

f  (z)=<0  '  <p  '  ;+-  |M(p)  I  0<})  ;+->  (l  +  z)  "^-<0'  <p  '  ;+-  |M(p)  |  Q(p  ;-  +  >  (1-z) 

3 

f  (z)=<0  '  (j) '  ;+- |M(p)  I  0(i)  ;+->  (l+z)  “^+<0  '  (|)  '  ;+-|M(p)  |0 (}>;-+>  (1-z) 

4 

f  (z)  =<0  '  (j)  '  ;++  |m  (p)  I  0(i)  ;+->2  (l-z^) 

5 


(27) 


1 0  I 


Using  the  relation  (16)  and  the  orthonormality  of  the 
Legendre  functions,  it  is  easy  to  express  the  elements 
{M^ (p) }  in  terms  of  the  helicity  amplitudes  : 


(p) 
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4  3  2J4-1 
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1  JP_  ,  {z)  +  (J+l)P^_,  (z) 
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(28a) 

(28b) 

(28c) 

(28d) 

(28e) 


Due  to  the  way  the  {f^(z)}  was  defined,  no  z-dependence 
other  than  from  f. (z)  and  P. (z)  enters  these  relations. 

3.  1 

From  the  definitions  of  the  helicity  amplitudes,  it  is 
clear  that  their  meaning  depends  on  the  scattering  ampli¬ 
tude  M  .  In  the  literature  one  encounters  different  heli¬ 
city  amplitudes  according  to  different  definitions  of  M  . 
In  the  textbook  of  Brown-Jackson^ the  helicity  amplitudes 
are  defined  v/ith  respect  to  the  Feynman  amplitude.  In  the 
papers  by  Goldberger  et.  al.  (ref.  103)  and  Wong  (ref.  48)  , 
these  are  defined  with  respect  to  the  scattering  amplitude, 

and  a  factor  ^  is  taken  out  for  their  f  ,  f  ,  f  and 

E  1  12  3 

f  and  a  factor  rr  for  their  f  .  The  helicity  amplitu- 

'+  BJ  ^  GW 

des  of  Brown- Jackson ' s  f^  and  Goldberger-Wong ' s  f^  are 

therefore  related  by  : 


for  i  :  1 , 2 , 3 , 4 
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Furthermore  those  of  Brown-Jackson  are  more  general,  as 
they  can  be  used  for  off-shell  scattering  as  well. 

For  this  reason  they  also  define  a  sixth  helicity  am¬ 
plitude  : 


f  (z)  =  <p’-+|m|p++>  2{1-z  )  (30) 

6 


We  notice  that  for  on-energy  shell,  the  elements 

f  (z)  and  f  (z)  are  equal  due  to  time-reversal  in- 
6  5 

variance . 
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CHAPTER  III 


ONE  BOSON  EXCHANGE  MODELS 


1)  Introduction 


Historically  the  first  success  of  meson  field 
theory  in  the  nuclear  interaction  was  the  quantitative 
establishment  of  the  one  pion  effect  (ref.  71).  The  one 
pion  exchange  process  provides  a  good  description  of  the 
outer  region  of  the  interaction  (r>1.5  fm)  . 

Naturally  in  the  exploration  of  the  more  inner 
lying  region,  the  attention  turned  to  the  two  pion  ex¬ 
change  contribution.  In  spite  of  the  great  efforts,  one 
was  not  successful  in  describing  this  region  in  terms  of 
the  exchange  of  two  pions.  One  of  the  problems  was  the 
existence  of  a  strong  spin- orbit  force  in  the  triplet  odd 
states,  which  could  not  be  explained  (ref.  72).  Further¬ 
more^  the  calculational  problems  in  determining  the  two 
pion  exchange  are  quite  considerable  and  the  handling  of 
three  and  more  pion  exchange  is  not  even  possible  v/ith 
the  present  day  techniques. 

A  way  out  of  these  problems  is  offered  if  one  as¬ 
sumes  that  the  interaction  is  not  only  due  to  pion  ex¬ 
change,  but  to  the  exchange  of  other  mesons  as  well.  It 
v;as  shown  that  the  strong  spin-orbit  force  in  the  triplet 
odd  states  could  be  accounted  for  by  assuming  the  exchange 
of  vector  mesons  (ref.  73 ) .  The  existence  of  zero  strange¬ 
ness  mesons  other  than  the  pion  was  predicted  from  the 
Sakata  model  (ref.  74),  which  is  a  predecessor  of  the 
quark  model.  In  1961  Hoshizaki  et.  al.  (ref.  75)  determined 
the  type  of  mesons  that  are  required  to  obtain  the  pheno¬ 
menological  Hamada  potential  (a  predecessor  of  the  Hamada- 
Johnston  potential).  They  concluded  that  a  reasonable 
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representation  of  the  intermediate  range  (0.7  fm<r<1.5  fm) 
of  the  potential  could  be  obtained,  if  one  assumes  the  ex¬ 
change  of  an  iso-scalar  and  iso-vector  vector  meson  and  an 
iso-scalar  scalar  meson  besides  the  pion. 

Experimental  evidence  for  the  existence  of  mesons 
other  than  the  pion  came  in  the  first  half  of  the  sixties, 
in  the  form  of  resonances  of  two  and  three  pions  (ref. 

76).  From  the  existence  of  strong  interactions  betv'/een  the 
pions  it  becomes  clear  that  a  theory  in  which  only  uncor- 
related  pions  are  considered,  is  bound  to  fail.  However 
one  does  expect  some  contributions  from  the  exchange  of 
two  or  more  uncorrelated  pions,  because  even  the  lightest 
of  the  mesons  other  than  the  pion  is  about  three  times  as 
heavy  as  the  pion  (table  7,  page  145 ) . 

In  the  OBE  (One  Boson  Exchange) -model^ we  assume 
that  the  effect  of  the  exchange  of  particles  in  the  form 
of  one  Boson  takes  precedence  over  that  in  the  form  of 
multiple  uncorrelated  pions,  and  that  the  contribution 
from  these  uncorrelated  pions  can  be  neglected  in  a  good 
approximation.  Another  simplification  that  one  usually  ma¬ 
kes  is  that-  the  exchanged  mesons  are  stable  particles  with 
zeiro-width.  Furthermore  one  assumes  that  the  effects  of  nu¬ 
cleon  iso-bars  and  the  interference  betv/een  the  various 
OBE-contributions  can  be  neglected. 

Due  to  the  restriction  to  OBE-processes ,  the  unita- 
rity  requirement  is  violated,  because  the  OBE-amplitude  is 
real.  One  has  to  apply  a  unitarization  procedure,  which 
can  be  considered  as  an  indirect  means  of  partially  ac¬ 
counting  for  the  neglected  processes. 

A  direct  and  easy  way  to  obtain  unitarity  is  to  set 
the  OBE-amplitude  equal  to  the  K-matrix  elements,  to  the 
real  part  of  the  transition  amplitude  T  ,  or  directly  to 
the  phase-shifts.  One  can  justify  this  procedure  if  the 
phase-shifts  are  small,  as  is  the  case  for  L>1  .  A  brief 


discussion  of  these  methods  is  given  in  section  2. 

Hoshizaki  et ,  al.  (ref. 70)  have  calculated  poten¬ 
tials  that  are  associated  v/ith  the  exchanged  mesons.  By- 
using  these  potentials  in  conjunction  with  the  Schrodin- 
ger  equation,  one  can  satisfy  the  unitarity  requirement. 
In  the  derivation  of  the  configuration  space  representa¬ 
tion  of  the  OBE-potentials  one  has  to  apply  a  non-rela- 
tivistic  reduction,  which  is  not  justified  except  for  the 
lower  energies.  This  non-relativistic  reduction  can  be 
circumvented  if  the  calculations  are  performed  in  a  mo¬ 
mentum  space  representation.  A  Schrodinger  equation  is 
defined  in  a  non-relativistic  context  only.  Relativistic 
effects  can  be  included  partially  by  using  relativistic 
phase-space  elements  in  a  momentum  space  representation. 
This  was  done  by  Wong  (ref.  48) .  In  a  fully  relativistic 
formalism  we  should  use  the  Bethe-Salpeter  equation.  In 
the  OBE-model  the  ladder  approximation  to  it  is  consid¬ 
ered.  The  practical  difficulties  in  solving  the  ladder 
approximated  Bethe-Salpeter  equation  are  considerable. 
This  is  due  to  the  fact  that  it  is  an  integral  equation 
in  four  dimensions.  After  performing  the  integration 
over  the  angles  one  still  has  a  two  dimensional  equation 
to  solve.  Therefore^ in  practice  one  does  not  consider 
the  Bethe-Salpeter  equation^ but  a  three  dimensional  ap¬ 
proximation  to  it. 

A  review  of  OBE-models  that  are  based  on  a  unita- 
rization  through  a  potential  in  a  Schrodinger  equation 
is  given  in  section  3.  OBE-potential  models  which  are 
given  in  a  momentum  space  representation  form  the  topic 
of  section  4. 

A  third  method  to  unitarize  the  OBE-iriodel  is  to 
apply  partial  wave  dispersion  relations  and  find  solu¬ 
tions  for  these.  Solutions  can  be  found  by  using  the 
socalled  N/D-method.  In  the  OBE-approximation  we  replace 
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the  left  hand  side  contribution  of  the  fixed  t  dispersion 
relation  by  pole  terms.  This  method  is  relativistically 
invariant.  A  problem  that  occurs  in  the  dispersion  rela¬ 
tions  for  the  OBE-model  is  to  satisfy  the  threshold  beha¬ 
viour.  This  problem  can  be  solved  at  the  cost  of  introdu¬ 
cing  a  non-physical  pole.  A  discussion  of  the  unitariza- 
tion  by  solving  the  partial  wave  dispersion  relations  is 
given  in  section  5. 

Another  difficulty  that  one  may  encounter  is  that 
the  amplitudes  are  badly  behaved  asymptotically.  The  Born 
terms  of  the  Feynman  amplitude  diverge  for  large  values 
of  the  momen.bLim  transfer.  The  partial  wave  amplitudes  in 
the  dispersion  relation  approach  diverge  for  large  values 
of  the  energy.  Due  to  this  behaviour  one  may  encounter 
non-convergent  integrals.  This  forces  one  to  use  cut-off 
procedures.  Ad-hoc  phenomenological  forms  are  used  as 
well  as  forms  based  on  the  eikonal  approximation  to  the 
higher  order  vertex  correction  diagrams,  or  cut-offs 
suggested  by  the  Regge  theory.  Due  to  the  centrifugal 
barrier  for  L>1  ,  the  calculation  of  these'  phase  parame¬ 
ters  is  rather  insensitive  to  the  specific  form  that  is 
chosen.  However  for  the  S-wave^the  effect  on  the  phase- 
shifts  is  appreciable. 

The  free  parameters  that  one  chooses  in  the  OBE- 
models  are  the  meson  nucleon  coupling  constants,  the  meson 
masses  and  the  cut-off  parameters. 

A  number  of  concluding  remarks  are  made  in  section  6. 


2)  A  Few  Simple  Unitarization  Procedures 


In  this  section  we  discuss  briefly  a  few  simple 
procedures  by  means  of  which  the  unitarization  correc¬ 
tion  can  be  made.  These  methods  are  expected  to  be  jus¬ 
tified  for  small  values  of  the  phase-shifts. 

The  simplest  one  can  do^is  to  calculate  the  par¬ 
tial  wave  amplitude  from  the  Born  term  of  the  Feynman 
amplitude  and  set  these  equal  to  the  phase  parameters. 
Another  method  is  to  use  geometric  unitarity.  In  this 
method  one  uses  the  fact  that  if  the  real  part  of  the 
partial  wave ^transition  amplitudes  is  known,  one  auto¬ 
matically  knows  the  phase-shift  for  elastic  unitarity. 
This  is  illustrated  in  figure  20,  which  shows  the  Argand 


fi2ure__20  : 

geometric 

unitarization 


The  unitarization  correction  is  made  by  equating  the 
calculated  real  amplitude  to  ReTj^(k)  .  Of  course  for 
the  coupled  L~states  some  modifications  should  be  made. 
A  third  simple  unitarization  scheme,  the  K-matrix  me¬ 
thod,  will  be  discussed  in  some  more  detail  below. 

If  the  phase-shifts  are  small  then  the  various  unitari¬ 
zation  procedures  should  make  little  difference  for  the 
outcome.  One  can  not  expect  that  such  simple  unitariza¬ 
tion  procedures  can  be  used  for  the  S-waves,  as  the 
phase  parameters  are  quite  large  in  this  case.  Kopp  and 
Krammer  (ref.  77)  used  it  to  analyze  partial  waves  for 
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which  J>2  only.  Somewhat  bolder  is  the  OBE-model  of 

Sawada,  Ueda ,  Watari  and  Yonezawa,  collectively  known  as 

SUWY  (ref.  78).  Their  OBE-analysis  included  partial 

waves  for  which  L>1  .  Their  model  is  quite  v^ell-known 

and  we  shall  discuss  it  as  an  example  of  the  application 

of  K-matrix  unitarization  in  OBE-theory. 

In  the  SUWY-model  the  Feynman  amplitude  Born  term 

is  related  to  the  transition  matrix  M(k',k)  ,  that  was 

s-^s ' 

discussed  in  chapter  I,  sections  3  and  4.  We  remember  that 

the  elements  M(k',k)  are  scattering  amplitudes.  The  re- 

s^s ' 

lation  between  scattering  amplitudes  and  the  Feynman  am¬ 
plitude  C  is  discussed  in  the  appendix  attached  to  this 
chapter.  Using  the  non-relativistic  phase-space  factor 
(211)”^  f  we  obtain  the  relation  : 


M  ( it '  ,  it ) 

s-^  s  ’ 


Z  . 

1 


Q.  I 

s-^s  ' 


(1) 


where  i  denotes  the  meson  that  is  exchanged 

The  Born  term  of  the  Feynman  amplitude  is  known  for  each 

exchanged  meson  that  is  considered  in  the  model.  The  way 

SUWY  proceeded  was  to  calculate  the  elements  M(k\k)  , 

s->s  ’ 

for  the  spin  state  representation  { | Sm  > }  .  A  convenient 

s 

way  to  do  this  is  to  use  the  helicity  state  representa¬ 
tion.  The  relation  between  spin  space  matrix  elements  of 
a  transition  matrix  in  the  | Sm  >  -  representation  and  the 
helicity  amplitudes  {f.}  is  given  explicitly  in  referen¬ 
ce  48.  If  we  calculate  the  helicity  amplitudes  for  the 
Born  term  of  the  Feynman  amplitude,  one  can  easily  find 
{<Sm' |M(k' ,k) I Sm  >}  from  these  relations.  After  one  has 
obtained  these  matrix  elements  one  can  use  the  formalism 
written  down  in  chapter  I,  section  4,  to  calculate  the 
transition  matrix  elements  Tj  ,  T^j  ,  '^j±l,j  "^B  * 
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SUVVY  essentially  followed  this  method.  A  more  direct  way 
to  obtain  these  results  is  to  calculate  the  helicity  am¬ 
plitudes  directly  for  the  transition  operator  ,  and 

then  use  (22)  -  (26)  of  the  appendix  attached  to 
chapter  II.  The  helicity  amplitudes  for  T  are  easily 
found  from  (1)  and  the  relation  : 

M{it'  ,i?)  =  ^  T(i?'  ,K)  (2) 

B  B  B  iT 

The  elements  T  ,  T  ,  fl+n  t  I'll  are  real,  there- 

lJ  JU  J— JL/J  b 

fore  the  unitarity  conditions  (chapter  T,  (35)  and  (36)) 
can  not  be  satisfied.  The  procedure  employed  by  SUWY  is  to 
identify  the  OBE  T-matrix  with  the  K-matrix.  The  impor¬ 
tant  property  of  the  K-matrix  is  that  its  elements  are 
real.  The  K-operator  is  related  to  the  S-operator  by  : 

S  =  (1+jK)  (1-~K)  ^3) 


For  the  spin-singlet  state  the  S-matrix  element  is  : 


2i6\ 

e  J 


=  (l+itan6\)  (l-it^ 
J 


.n6p 


•1 


(4) 


We  can  therefore  identify  K  =2tan6  3!r  •  Similarly  for  the 

U  CJ 

uncoupled  spin-triplet  state  Kjj=2tan6j  .  For  the  two 
coupled  spin-triplet  states  the.  relation  between  S-matrix 
and  K-matrix  elements  is  a  bit  more  involved,  but  can  be 
found  straight  forv^ardly.  The  result  is  : 


/s 


J-1 ,  J 
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where 


The  expressions  of  the  .S-matrix  elements  S 


J-l , 


,  S 
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‘'^J+l  J  terms  of  the  bar  phase  parameters  can  be  found 

from  chapter  I,  equation  36.  The  OBE-model  phase  parame¬ 
ters  follow  directly  by  equating  : 


T®  =  K 


(6) 


SUWY  considered  the  exchange  of  an  iso-scalar  and 
an  iso-vector  scalar  meson,  and  an  iso-vector  pseudo  scalar 
meson  with  the  n-meson  mass.  Their  analysis  also  included 
the  well-established  pion ,  n-meson,  to-meson  and  the  p- 
meson.  The  P-wave  and  D-wave  phase  parameters  we¬ 
re  used  to  determine  the  parameters  of  the  OBE-contribu- 
tions .  For  the  L^3  partial  v/aves  the  phase  parameters  are 
quite  small  and  largely  dominated  by  the  pion  exchange. 

SUWY  concluded  that  for  a  satisfactory  fit  the  contribu¬ 
tions  of  the  iso-vector  scalar  -  and  pseudo  scalar  meson 
V7ere  not  necessary.  Also  the  contribution  of  the  n-meson 
is  not  required.  Leaving  these  three  mesons  out  of  conside¬ 
ration,  there  are  seven  adjustable  parameters  in  their  mo¬ 
del  :  the  mass  of  the  scalar  meson  and  the  coupling  con¬ 
stants.  The  predetermined  and  adjusted  values  for  the  mass¬ 
es  and  coupling  constants  are  given  in  table  8,  page  ii+S" 

The  fit  was  performed  by  comparing  the  calculated  phase  pa¬ 
rameters  V7ith  those  of  the  phenomenological  Kamada-Johnston 
potential.  The  quality  of  the  fit  of  the  calculated  phase 
parameters  with  those  from  a  Yale  (ref.  79)  and  Livermore 
(ref.  80 )  phase-shift  analysis  is  illustrated  in  the  figu¬ 
res  21  and  22.  We  see  that  a  reasonable  agreement  is  ob¬ 
tained. 

A  review  of  OBE-models  in  which  K-matrix  unitariza- 
tion  is  used  can  be  found  in  an  article  by  Ogav/a  and  the 
SUWY-authors  (ref.  81) .  In  these  various  OBE-models  one 
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usually  restricts  the  consideration  to  scalar^ pseudo  sca¬ 
lar  and  vector  mesons.  An  important  argument  in  this  is 
that  experimentally  no  low  energy  pseudo  vector  mesons  or 
tensor  mesons  have  been  found.  Furthermore  it  turned  out 
that  the  elastic  scattering  data  can  be  fitted  satisfac¬ 
tory  without  these  mesons,  although  minor  improvements  of 
the  phase-shift  have  been  reported  by  including 

tensor  mesons  (ref.  82).  Agreement . exists  among  the  va¬ 
rious  authors  that  besides  the  pion^  a  scalar  meson  and 
the  o-meson  are  indispensable. 


figure_21  : 

the  SUVJY  triplet 
P-phase- shifts 


f  igure__2  2 


the  SUWY  triplet 
D-phase-shif t 


full  curve  :  SUWY  phase-shifts 

dotted  curve  :  Yale  phase-shifts  (ref.  79) 

experimental  points  are  taken  from  reference  80 


3 )  One  Boson  Exchange  Potentials  * ) 


vSeveral  methods  have  been  designed  to  associate 
a  potential  V7ith  an  OBE-contribution  to  the  inter¬ 
action  (ref.  31) .  A  simple  and  frequently  used  method  is 
to  define  a  potential  by  interpreting  the  Born  term  of 
the  Feynman  amplitude  as  a  spin-space  m.atrix  element  of 
a  potential. 

In  this  section  we  consider  the  configuration  spa¬ 
ce  OBE-potentials .  First  we  show  how  expressions  for 
scalar,  pseudo  scalar  and  vector  mesons  are  found.  As 
examples  of  successful  OBE-potentials  V7e  discuss  the  mo¬ 
dels  of  Bryan  and  Scott  (ref.  83)  and  Ueda  and  Green 
(ref.  84) . 

Wong  (ref.  48)  defines  the  potential  in  a  slightly 
different  manner.  He  includes  relativistic  effects  par¬ 
tially  by  using  a  relativistic  phase-space  element.  Vie 
discuss  his  approach  briefly  and  consider  an  OBE-Doten- 
tial  of  this  type,  constructed  by  Erkelenz  et.  al.  (ref. 
85)  as  an  examole.  Finally  ci  few  concluding  remarks  about 
configuration  space  OBE-potentials  are  made. 

The  derivation  of  the  scalar  meson  potential  is 
discussed  in  some  detail.  The  same  techniques  apply  for 
pseudo  scalar  and  vector  mesons,  and  we  just  state  the 
results.  We  consider  iso-scalar  mesons  for  simplicity. 

The  extension  to  iso-vector  mesons  is  easily  made  by  re¬ 
placing  the  coupling  constant  g^  by  . 

VVe  consider  both  the  direct  and  the  derivative 
coupling.  Fortunately  in  the  case  of  a  scalar  meson,  mat¬ 
ters  are  simplified  as  the  Born  term  for  the  derivative 
coupling  vanishes.  This  can  be  seen  by  substitution  of  : 

-id  (jj  =  P  (I)  1  p=-k'-k  :  momentum  transfer 

(7) 

*)  In  the  following  we  use  the  convention  a.b.=aQbQ-a.b 
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into  the  interaction  Hamiltonian.  The  result  follows  im¬ 
mediately  by  using  pirac '  s equation  and  the  on-shell  con¬ 
dition  Ej^=E^,  . 

The  Born  term  for  the  Feynman  amplitude  in  the 

case  of  a  scalar  meson  (C  in  this  derivation  differs  in  a 

-  6 

normalization  factor  (2n)  from  the  definition  in  chap¬ 
ter  II)  is  : 


= —  u  ,  (-k' ) / (4n) g  u  (-k) { (k' -k) ^-m^ }  ^  . 

A-l  1  i.-!  n  I  O  O  O 

k  k'  1  1 


c!  =  ” 


.  u  ,  (k'  )  /( 4n)  g  u  (k) 
s  s  s 

2  2 


(8) 


k  and  k'  are  the  momenta  in  the  cm-system  before  and 

after  the  interaction.  The  basic  Dirac  spinor  u  (k)  is  : 
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^k"**^  1  /2  ^  ^ 


I  I  S> 

a .  k 


(9) 


Substitution  of  (9)  in  (8)  gives  : 
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<3...  I  n 


■■  j |s  s  >4Ilg^  {  (k ' -k)  } 


(1 
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(Ej^+M)  (Ej^,+M)  ■  1  2 


(10) 


The  momentum  space  potential  can  be  defined  by  : 


=  <s's' |V^ (k  k' ) I s  s  >  (11) 

B  12112 

In  order  to  make  sure  that  the  coordinate  representation  of 
the  potential  has  a  convenient  analytic  form,  we  assume 
that  the  non-relativistic  reduction  can  be  used  (ref.  3)  : 
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It  is  convenient  to  introduce  the  momentum  transfer  p 
and  the  momentum  q=i(k'+k)  .  Making  the  reduction  (12), 

V7e  obtain  in  terms  of  q  and  p  after  a  little  manipu¬ 
lation  : 


V^(p,q) 


..2 


-4rig'^{p  +m^  }  { 


(13) 


In  (13)  we  have  also  replaced  (p^-m^)  ^  by  - (p  +m^)  ^ 
In  this  replacement  we  have  put  .  This  implies 

that  one  assumes  that  only  momentum  is  transferred  by  the 
meson  but  no  energy.  This  means  that  the  so  called  meson 
retardation  is  ignored  in  this  description. 

The  coordinate  representation  of  the  potential  is 
found  by  taking  the  Fourier  transform  ; 
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where  S  =  -^'(a^+a^) 


The  total  configuration  space  scalar  potential  becomes  : 
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We  notice  the  appearance  of  the  6~f unction,  which  shows 
that  the  potential  is  not  v/ell-behaved  at  the  origin. 

The  pseudo-scalar  derivative  coupling  is  identi¬ 
cal  to  the  direct  coupling  for  the  Born  term  and  the  on- 
energy  shell  condition.  This  can  be  seen  from  (7  )  and 
the  Dirac  equation  : 

f  _  2f  M  _ 

=  /(4n)  ,  'i'  ^  T—  (f>  =  /(4n)i  — 2- 

‘'p  m  y  =  l  '  '  3x  ^  m  '  ^ 

y 

(19) 


The  total  interaction  Hamiltonian  for  the  pseudo-scalar 
becomes  : 
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Proceeding  along  the  same  lines  as  for  the  scalar  meson, 
we  get  : 
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For  vector  mesons  the  interaction  Hamiltonian  : 


(22) 


Using  (7  )  : 
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A  more  convenient  form  can  be  found  after  some  algebra, 
by  using  Dirac  '  s  equation  (ref.  86)  : 

t  =  {4n)^/2  -  2M  (k'+k)^4.^1>r 


(24) 
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The  vector  meson  potential,  which  can  be  derived  from 
this  form  is  ; 
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The  total  OBE-potential  has  the  general  form  : 
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2  . 
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(26) 


The  summation  is  performed  over  the  mesons  i  in  the  mo¬ 
del.  The  phase  parameters  can  be  calculated  along  the  li¬ 
nes  of  the  formalism  of  chapter  I,  section  5. 

Problems  arise  due  to  the  singularities  at  the 
origin.  We  notice  besides  the  Dirac  6-function^ the  occur¬ 
rence  of  terms  of  order  r“^  . 

In  the  OBE-model  of  Bryan  and  Scott  (ref.  83), 
the  regularization  of  the  singularities  at  the  origin  was 
accomplished  by  multiplying  the  momentum  space  represen- 
taion  of  the  potential  with  the  form  factor  : 


a2  (  (k'-k) 2-a2)  ^ 


A  :  the  cut-off  mass 


(27) 


To  see  that  this  factor  provides  the  desired  regulariza¬ 
tion,  we  consider  the  following  identity  : 
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In  (28)  we  have  replaced  (k’-k)^  by  -p  .  From  the  form 
(28)  it  is  clear  that  the  effect  of  the  form  factor  is  that 
each  potential  term  V^(m^)  in  (26)  is  replaced  by  : 

V^{ra^)  —  A2(A2-m?)'^(V^(m^)-V^(A))  (29) 

From  inspections  of  the  potentials  (18) ,  (21)  and  (25) ,  it 

can  be  verified  that  in  this  way  the  (j~function  and  the 
r"^  singularity  are  removed.  Only  well-behaved  terms  of 
order  r“^  and  higher  remain.  The  value  of  A  ,  used  by 
Bryan  and  Scott,  was  1500  MeV. .  Due  to  this  large  value 
V^(A)  falls  *off  rapidly  as  a  function  of  r  . 

In  their  model  Bryan  and  Scott  considered  besides 
the  pion_^  the  v/ell-established  n-meson,  p -meson  and  o)- 
meson.  Furthermore  they  included  an  iso-vector  and  an  iso¬ 
scalar  meson.  The  values  of  the  scalar  mesons,  coupling 
constants  and  the  cut-off  mass  A  were  found  by  fitting 
the  calculated  phase-shifts  with  those  of  the  phase-shift 
analysis  of  Arndt-McGregor  (ref.  87) .  The  values  for  the 
predetermined  and  adjusted  masses  and  coupling  constants 
is  given  in  table  9, page  The  fitting  v/as  performed 

for  three  values  of  the  laboratory  kinetic  energy  and  in¬ 
cluded  all  S",  P-  and  D-waves.  A  reasonable  fit  could  be 

obtained  except  for  the  -phases,  which  were  predicted 

2 

too  low.  This  could  be  expected  as  none  of  the  potentials 

(18),  (21)  and  (25)  includes  a  quadratic  spin-orbit  term. 

Phenomenological  potential  analysis  indicates  that  such 

a  term  is  necessary  for  a  simultaneous  fit  to  the  spin- 

singlet  ^Sp.-  and  -states  (ref,  88).  An  unsatisfacto- 

U  2 

ry  feature  of  the  Bryan-Scott  potential  is  that  the  unre/“ 
alistic  large  value  17.26  for  the  oj-meson  coupling  con¬ 
stant  was  required.  Estimates  from  electro-magnetic  form 
factors  suggest  a  value  of  at  most  9  (ref.  89) .  The 
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figures  24  and  25^  on  page  122  ^  display  the  result  for  the 

triplet  P-waves  and  the  -wave. 

2 

Ueda  and  Green  (ref.  84)  derived  the  potential  in 
a  slightly  different  way,  based  on  a  formalism  developed 
essentially  by  Fock  in  1934  (ref.  90) .  A  discussion  of 
this  formalism  is  given  in  reference  91.  The  types  of 
mesons  they  include  in  their  model  I,  are  the  same  as  in 
the  model  of  Bryan  and  Scott,  except  that  they  include 
another  iso-scalar  scalar  meson.  All  meson  masses  were 
predetermined.  One  iso-scalar  scalar  was  arbitrarily 
fixed  at  3m  .  The  other  iso-scalar  scalar  and  the  iso- 

7T 

vector  scalar  mesons  were  given  the  masses  1070  MeV.  and 
1016  MeV.  respectively.  These  were  considered  as  experi¬ 
mentally  established  values.  (It  is  of  interest  to  note 
that  in  the  particle  data  sheets  of  January  1976  (page 
92)  in  the  mass  range  of  1000  -  1200  MeV.  two  iso-scalar 
scalars  are  listed,  the  vS*  at  993  MeV.  and  the  e  at 
1200  MeV. .  The  S*  seems  not  to  couple  to  non-strange 
Baryons.  An  iso-vector  scalar,  the  6  is  listed  at  960 
MeV. ) .  The  free  parameters  in  their  model  are  the  coupling 
constants  and  the  cut-off  masses.  They  considered  one  for 
the  Dion  (A  =2532.4  MeV.)  and  one  common  to  the  other  me- 
sons  (A=11G4.3  MeV.).  Values  for  m.asses  and  coupling  con¬ 
stants  are  stated  in  table  10/  psge  146  In  total  they  had 
10  adjustable  parameters  whereas  Bryan  and  Scott  had  11. 
The  calculated  phase  parameters  were  fitted  to  phase 
parameters  of  Livermore  (ref.  93)  and  Yale  (ref.  94)  for 
S-,  P-  and  D-waves  (fig.  26  on  page  123  The  fit  they  ob¬ 
tain  is  better  than  the  one  in  Bryan  and  Scott’s  model. 
Although  they  had  also  trouble  in  simultaneously  fitting 

the  and  -phase-shifts  at  higher  energies.  An 

0  2 

ad-hoc  inclusion  of  a  quadratic  angular  momentum  term 
improved  the  fit  to  a  set  of  76  Yale  phase  parameters 
from  a  reduced  X^=1.6  to  a  reduced  X  =1.2  . 
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Wong's  method  to  calculate  the  OBE-potentials 
differs  from  the  one  we  have  discussed,  in  that  he  con¬ 
siders  potentials  which  are  non-local  due  to  the  use  of 
a  relativistic  phase-factor.  We  illustrate  his  method  for 
a  spin  independent  potential  and  indicate  how  the  genera¬ 
lization  is  made.  The  results  of  an  application  of  this 
method  by  Erkelenz  et.  al.  (ref.  85)  is  briefly  considered. 

We  notice  that  in  applying  the  Fourier  transform 
(14)/  we  used  a  non-covariant  phase-factor.  Wong  considers 

a  form  for  the  potential  in  which  the  relativistic  phase- 
M  -3 

factor  ~(2n)  is  used.  As  we  discussed  in  chapter  I, 
section  8,  this  leads  to  a  non-local  potential  V(r',r) 
in  coordinate  space.  The  potential  in  momentum  space  is 
again  put  equal  to  the  Born  term  of  the  Feynman  amplitude, 
therefore  we  can  write  : 


M 


J  ». 


C^(k' ,k) 


/ dr ‘ dr  e 


■iic' 


->- 


V (r '  ,  r) 


ik .  r 


(30) 


Wong  considers  the  coordinate  transformation  r,r'->r,r'-r  , 
Futhermore  instead  of  .k  and  k'  or  p  and  q  as  in 
(13)  /  he  uses  K  and  p=K-it'  .  It  turns  out  that  the  non¬ 
locality  due  to  the  relativistic  phase-space  element  can 
be  accounted  for  by  using  the  separable  fonm  : 


V(r',r)  =  N(|r'~r|)  U(r,k2) 


(31) 


It  is  easy  to  verify  this.  To  this  end  we  consider  the 
Bauer  expansion  of  the  integrals  in  (30).  The  potential  is 
a  scalar  in  coordinate  space,  so  : 
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E, 


C  (p,k)  =  {-4n/d|r-r'  I  |r-r'  I  j ^  (k | r ' -r | ) N ( | r ' -r | )  }  . 
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.  {-4n/dr  r^ (pr) U (r,k2) } 


(32) 
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For  this  spinless  case  we  may  write  (it '  ,k)  =C^  (p,k)  . 

The  first  term  at  the  right  hand  side  can  now  be  identi- 

fled  with  “  ,  thereby  defining  N(|r‘“r|)  .  Expressing 

k 

the  Feynman  amplitude  in  terms  of  the  scattering  ampli¬ 
tude  (Appendix  chapter  III,  pagel48) ,  Wong's  result  : 

CO 

M®(p,k)  =  -M/dr  r ^ j  (pr ) U (r , k^ )  (33) 

0  ^ 

is  obtained.  By  inversion  we  can  express  the  potential 
U(r,k^)  as  the  Fourier-Bessel  transform  of  the  scatte¬ 
ring  amplitude.  In  the  general  case,  including  spin,  v/e 

can  express  each  of  the  five  matrix  elements  (p,k) 

Sm  ->Sm' 
s  s 

as  a  sum  of  the  Fourier-Bessel  transforms  of  the  five 
potential  terms  in  the  general  Okubo-Marshak  form  (chap¬ 
ter  I,  page  34  ).  These  expressions  can  also  be  inverted 

to  obtain  the  five  potentials  as  a  sura  of  Fourier-Bessel 

B 

transforms  of  M'(p,k)  .  The  matrix  elements  can  be  cal- 

Sm  ->Sm' 
s  s 

culated  using  simple  expressions  of  these  in  terms  of 
the  helicity  amplitudes,  which  are  given  for  instance  in 
reference  48. 

An  important  consequence  of  the  inclusion  of  the 
relativistic  phase-space  element  is,  that  it  leads  to  a 
non-vanishing  expression  for  the  quadratic  spin-orbit 
term . 

Erkelenz  et.  al.  (ref.  85)  have  used  the  OBE--po- 
tential  obtained  in  this  manner  to  calculate  phase  para¬ 
meters.  For  simplicity  they  left  out  the  k  -dependence 
of  the  potential  terms,  except  for  the  central  potential. 

In  their  model  the  mesons  it  ,  n  f  o  ,  co  ,  6  and 
an  iso-scalar  scalar  are  considered.  To  regularize  the 
potential  singularities  at  r=0  ,  they  introduced  a  zero 
cut-off  radius  d  ,  within  which  the  potential  is  put  to 
zero . 

*)  Wong  uses  the  spin  triplet  elements 

and  the  spin  singlet  elemen 
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The  masses  of  the  tt  ,  n  ^  P  and  w  were  pre¬ 
determined.  The  free  parameters  in  their  model  are  the 
coupling  constants,  two  cut-off  radii  (one  for  L  even 
and  one  for  L  odd) ,  and  the  masses  for  the  6-meson 
(iso-vector  scalar)  and  the  iso-scalar  scalar  meson.  The 
parameters  were  adjusted  to  fit  the  phase  parameters  for 
L=0  ,  L=1  and  L=2  . 

In  their  model  11  parameters  are  used.  The  fit  to 
the  same  set  of  36  data,  as  employed  by  Ueda  and  Green, 
yields  the  reduced  X  =1.6  .  This  is  the  same  as  obtain¬ 
ed  in  the  Ueda  and  Green  model.  An  explicit  study  of  the 
quadratic  spin-orbit  term  was  made  by  doing  the  fit  with¬ 
out  this  term.  The  agreement  of  the  critical  -ohase- 

2 

shift  to  the  data  is  indeed  slightly  worsened  (see  figure 

25,  page  122  They  found  a  considerable  worsening  of  the 

fit  to  the  couDlinq  parameter  e  between  the  -  and 

...  ^  ^ 

-states.  In  figure  23  below  ,  the  coupling  parameters 
are  shown,  and  table  11,  page  146  gives  t.he  values  for 
masses  and  coupling  constants. 
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fi2ure_23  : 

the  coupling  para¬ 
meters  in  the  Erke- 
lenz  et.  al.  model; 
experimental  points 
are  taken  from  a 
Livermore  analysis 
(ref.  98) 
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figure_24  : 

the  triplet  P-phase-shif ts 
of  the  Bryan-Scott  model; 
empirical  values  are  taken 
from  a  Livermore  analysis 
(ref.  87) 


figure_25  ; 

comparison  of  the  ^D2“phase- 
shift,  calculated  from  the 
Erkelenz  model  (solid  curve) ; 
the  Erkelenz  m.odel  omitting 
the  Li2  potential  (dashed 
curve)  and  the  Bryan-Scott 
model  (dash-dot  line) ; 
empirical  values  are  taken 
from  a  Livermore  analysis 
(ref.  78) 
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figure^^G  : 

phase-shifts  from  the  Ueda-Green  model 
(solid  curve) ;  open  circles  represent 
phase-shifts  of  Livermore  (ref.  93) 
and  Yale  (ref,  94)  respectively 


r 


V 


I 


.  j 


\ 

i.  ,  *i 


1  f '■  ,■  ,•: 


-I  j 

I. 


.1  .S'. 


f'  ... 


:.r^ 


•  t 


(■H  V 


A  9 


-  >7  . 

»  I  . 


.  .  •  *  I 

>■•’  .'WP'JI 

'  '  .>rB 


t  A. 


*  '  I 


m‘ a 


'*i  j' 


124 


4 )  Momentum  Space  OBE-Potentials 

A  coordinate  space  representation  of  an  OBE-poten- 
tial  suffers  from  two  defects.  The  discussion  starts  with 
a  momentum  space  representation , and  a  Fourier  transform 
is  applied  to  find  the  coordinate  space  representation. 

In  order  to  do  so  we  had  to  take  the  non-relativistic  li¬ 
mit,  and  secondly  we  had  to  confine  ourselves  to  the  on- 
shell  matrix  elements  of  the  potential,  thereby  losing 
the  off-shell  information  contained  in  the  Feynman  ampli¬ 
tude.  This  off-shell  behaviour  is  of  interest  also  for  e- 
lastic  scattering  if  we  use  the  Lippmann-Schwinger  equa¬ 
tion.  Typical  relativistic  effects  as  the  meson  retarda¬ 
tion  are  not  included  due  to  the  on-shell  assumption 
Pq=0  (see  discussion  following  equation  13) .  These  ap¬ 
proximations  can  be  circumvented  if  we  perform  the  calcu¬ 
lations  in  momentum,  space.  Most  recent  CDE-models  (after 
1970)  are  indeed  fo.rmulated  in  momentum  space.  Neverthe¬ 
less  as  long  as  the  OBE-potential  is  used  in  conjunction 
with  a  Schrodinger  equation,  we  introduce  a  non-relati- 
vistic  element  in  the  discussion.  The  Feynman  amplitude 
in  the  QBE-model  is  a  solution  of  the  ladder  approximated 
Bethe-Salpeter  equation.  This  equation  is  very  complicat¬ 
ed  to  solve  due  to  its  four  dimensional  character,  there¬ 
fore  one  relies  on  approximations. 

An  approximate  relativistic  description  can  be 
obtained  by  using  wong ' s relativistic  phase-space  element 
in  the  Lippmann-Schwinger  equation  ; 

C  (it '  ,it)  =  U(}c'  ,}c)  +  n  /d^q  U  (it '  ,  q)  C  (q ,  it)  (q^-k^-ie  )  ^ 

^  q 

(34) 

In  the  OBE-model  the  potential  U(it',it)  is  related  to 
the  Born  term  of  the  Feynman  amplitude  by  equation  11. 
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n  is  a  constant  that  will  be  deterrained  below.  The  so- 
1 

lution  of  this  equation  should  be  a  good  approximation  of 
the  Feynman  amplitude  C(k',K)  , which  is  a  solution  of  the 

ladder  approximated  Bethe-Salpeter  equation.  A  first  re¬ 
quirement  that  we  should  impose  is  that  the  solution  ’ 
C(k',k)  of  equation  (34)  satisfies  the  unitarity  condi¬ 
tion  for  the  Feynman  amplitude.  This  principle  is  known 
in  the  literature  as  'minimal  requirement  of  relativity' 
(ref.  95).  The  unitarity  condition  in  terms  of  C(k',k) 
is  found  from  : 


T(k'  ,k) 


(2L+1)  (e^^'^L^^^-l)P^  (cose) 


(35) 


the  relation  (  1) ,  and  : 

4nE, 

(36) 


A  derivation  of  (36)  is  given  in  the  appendix  attached  to 
this  chapter.  One  obtains  ; 


C  (it'  /k) 


E 

=  (4^)^  (2L+1)  e^^L  sin6,.  (k)P  (cosO) 

M  K  li  Jj  J-j 


(37) 


Therefore  : 

ImC(£',iJ)  =  ^  /dn  |C(J,q)  l"  (38 

{4n)3  \  ^ 

Let  US  check  if  the  solution  C(k'’,k)  of  (34)  satisfies 
this  relation.  One  can  derive  from  (34)  the  formula  : 


C  (}t,it)-c''(it,it)  =  /d3q  C*  (}t,q)  {g(i?,q)-g*  (it,q)  }C(it,q)  (39) 
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g(q,ic)  =  -n  ^(q^-k^-ie  )  ^ 
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-y 
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(40) 


where  ,  _ 

k  = 

Details  of  this  derivation  can  be  found  for  instance  in 
reference  100.  An  easy  way  to  verify  (39)  is  to  use  the 
symbolic  relation  C=V+VgC  and  to  eliminate  V  from  this 
and  the  similar  relation  for  C*  .  From  (39)  and  (40) 
follows  : 


ImC(k,]t)  =  /d^q  C*(}c,q){n  ~  115  (q^-k^ )  }C  (]T,q) 


M 


E 


(41) 


Using  d^q=qE  dE  dQ  and  6  (q^-k^ )  5  (E  -E  )  we  obtain 

C|^  C[  xli  CJ  K. 


ImC(k,it)  =  n  J  ~  fdQ  |c(k,q)  |  (42) 

1  ^  q 


Comparing  (38)  and  (42)  we  notice  that  agreement  with  the 

unitarity  condition  is  established  for  n  — - —  . 

^  (2n)^ 

One  may  write  (34)  in  the  usual  Lippmann-Schwinger 
form  by  defining  : 


v(S',i^)  =  I-  u()t',i?) 


4  TT  ->*►>' 

and  M'(k',k)  =  M  (k' ,k)  {43) 


Substitution  of  (43)  into  (34)  gives  : 

M'(ic',k)  =V(^',ic)  +n  /d^q  V  (1^ '  ,q)M'  (q,ic)  (q^-k^-ie  )  ^ 

(44) 

'  -4- 

Clearly  the  configuration  space  representation  of  V(k  ,k) 
is  just  the  non-local  potential  (31),  introduced  by  Wong. 

Next  we  briefly  consider  the  relation  of  the  modi¬ 
fied  Lippmann-Schwinger  equation  (34)  v/ith  the  Bethe-Sal- 
peter  equation.  Using  the  notation  of  Partovi  and  Lomon 
(ref.  96) ,  the  Bethe-Salpeter  equation  is  : 
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C(k'k|w)  =  K(k*k|w)  +  fd^q  K (k ' q | W) G (q | W) C (qk | W)  (45) 

where  k'  and  k  are  half  of  the  relative  4-momenta, 
respectively  after  and  before  the  interaction. 

W  is  half  of  the  total  4-momentum.  K(k'k|w)  is  the  ker¬ 
nel  v/hich  in  our  discussion  just  represents  the  OBE-dia- 
gram.  G(q|w)  is  the  propagator  for  the  two  (free)  nucle¬ 
ons.  For  the  spinless  case  this  is  : 


G(q|w)  = 


(2n) 


■{  (W+q)  2+M2  +  ic  }  (W-q)  Z+M^  +  ic  } 


(46) 


Various  ways  to  approximate  the  Bethe-Salpeter  equation  by 
a  three  dimensional  expression  have  been  proposed  by  a 
number  of  authors  (ref.  4) .  We  shall  briefly  consider  the 
approach  of  Blanckenbecler  and  Sugar  (ref.  113) .  The  in- 
term.ediate  state  nucleons  can  be  in  negative  energy  states. 
The  asGurr.ptioD  made  by  Blanckenbecler  and  Sugar  is  that 
for  elastic  low  energy  scattering  the  contribution  of  the 
intermediate  negative  energy  states  to  the  final  states  are 
negligible.  These  negative  energy  states  appear  in  the  for¬ 
malism  through  the  singularities  of  G(q|w)  along  the  ne¬ 
gative  real  axis  in  the  energy  plane.  Blanckenbecler  and 
Sugar  proposed  therefore  a  description  in  which  G(q|w) 
is  replaced  by  a  propagator  g(q|w)  ,  which  is  singular  a- 
long  the  positive  real  axis  only.  The  particular  choice 
for  g(q|w)  that  they  made  is  : 


g  (q  I W) 


“  ”^4-  + 

n  /dq ' ^  (q ' ^-k^-ie  ) 6  { (W' +q) } 6  {(W'-q)^+M^} 

2  0 

(47) 


6*^  signifies  that  only  the  positive  root  of  the  argument 
should  be  included.  Furthermore  .  n^  is  a  con¬ 

stant  that  will  be  determined  later.  The  integration  in 
(45)  can  be  performed  using  : 
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The  result  is  : 

n  _ 

9(q|w)  =  (q2-k2-ie  )  and  =  q^  =  0 


(49) 


Comparing  (47)  and  (38)  we  notice  that  the  two  are  equiva¬ 
lent  if  we  put  n  =-4Mn  .  The  generalization  of  this  re- 

1  ^  ^ 

suit  to  spin-^  particles  is  straight  forv/ard  and  consists 
essentially  in  multiplying  the  integrand  in  (47)  with  a 
positive  energy  projection  operator  (ref.  96) . 

Holinde  et .  al.  (ref.  97)  considered  in  their  OBE- 
model  a  modified  form  of  the  potential  (43)  : 


V(ic' 


M  .  1/2 


U(!c'  ,ic) 
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(50) 


Consequently  in  their  description  M'  (it',]^)  is  related 
to  C  (it  \>:)  by  : 


M.'  (k‘  ,k) 


M  ,1/2 
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C(it'  /k)  (~)^^^ 
k 


(51) 


Furthermore  they  do  not  relate  their  OBE-potential 

as  in  equation  (11),  but  use  : 

,  (“it  )  r .  u  (-it)  p .  u  ,  (it 

'  IS  is' 

1  1  2 

The  interesting  feature  of  the  modified  form  (50) 
that  it  allows  for  the  possibility  , 


<s 


f  s 


u^(it  ,it) 


s  ,  s  > 
1  2 


=  U 


to  C^ 
(52) 

)r.ii  (it) 

1  s 

2 

is 


Ek  I  +  Ej^  ,  {53) 

In  this  way  the  effects  of  the  meson  retardation  are 
included.  We  notice  that  in  the  Blanckenbecler-Sugar  form 
the  energies  of  both  nucleons  are  equal  in  the  intermediate 
-  and  final  states. 
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A  convenient  method  to  calculate  the  phase  parameters  from 

equation  (33)  is  to  consider  only  the  Drincioal  value  of 

•  ( 4 II )  ^ 

the  integral,  in  which  case  the  solution  is  --^--1 --K  (k '  ,k)  , 

where  the  K-matrix  is  related  to  phase  parameters  as 
shown  in  equations  (  4)  and  {  5).  Details  of  the  numerical 
solution  of  the  integral  equation  in  terms  of  the  K-matrix 
are  given  in  reference  95. 

The  Holinde  et.  al. -model  involves  the  exchange  of 
the  7T  ,  p  ,  to  ,  (})  and  6-mesons,  and  in  addition  an 
iso-scalar  scalar.  All  meson  masses  were  predetermined,  ex¬ 
cept  the  one  of  the  scalar  meson.  Furthermore  the  ratio  of 

the  coupling  constants  g  and  g.  for  the  w  and  the 

to  (}) 

(f)-mesons  was  fixed  at  2:1.  (Erroneously  this  ratio  is  con¬ 
sidered  to  be  justified  from  SU(3)  (ref.  111).) 

Although  the  requirement  of  minimal  relativity  im- 

^  “>■ 

proves  the  convergence  of  the  potential  V(k',k)  ,  the  inte¬ 

gral  equat.ion  i.s  not  of  Fredholm  type  and  a  cut-off  pro¬ 
cedure  has  to  be  used.  For  simplicity^ a  form  factor  of  the 
type  (2  7)  is  used  for  all  mesons.  For  the  vector  mesons^  two 
form  factors  V7ere  used,  one  for  each  vertex.  The  values  were 
chosen  the  same  for  each  meson.  The  9  coupling  constants 
were  all  adjusted,  so  in  total  12  free  parameters  V7ere  used. 
Values  for  the  masses  and  coupling  constants  are  shown  in 
table  12  ,  page  14  7.  The  free  parameters  V7ere  adjusted  by 
fitting  the  deuteron  binding  energy  and  the  phase  parame¬ 
ters  of  a  Livermore  analysis  (ref. 98).  The  reduced  goodness 
of  fit  for  89  empirical  phase  parameters  is  2.5  .  In  their 
coordinate  space  OBE-model  (ref.  85),  the  value  2.7  was  ob¬ 
tained  for  this  same  set  of  data.  Unfortunately  one  can  not 
directly  conclude  from  this  that  momentum  space  potentials 
are  superior,  as  in  the  momentum  space  model  a  (j)— meson  was 
included  and  not  in  the  configuration  space  model.  However 
for  the  S-wave  phase-shifts  significantly  better  results 
were  obtained  with  the  momentum  space  model.  These  were 
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predicted  too  high  in  the  configuration  space  model.  The 
required  lowering  of  the  phase-shifts  is  due  to  taking 
the  off-shell  behaviour  of  the  potential  into  account. 

This  V7as  shown  by  repeating  the  calculation  in  v/hich  Ej^, 
was  set  equal  to  .  The  results  are  shov/n  in  figure  27. 

The  effect  of  the  meson  retardation  was  studied  separate¬ 
ly  by  setting  E,  , =E,  in  the  meson  propagators  only, 
again  the  phase-shifts  are  lowered,  implying  an  additio¬ 
nal  attraction.  This  is  shown  in  figure  28.  Differences 
of  about  30%  were  obtained.  This  shows  that  the  meson  re¬ 
tardation  is  an  important  effect.  Nevertheless  it  has 
been  shown  that  a  comparable  fit  is  possible  leaving  meson 
retardation  out  of  account,  by  redefining  the  free  para¬ 
meters  (ref.  3) .  Finally  we  mention  that  the  and  the 
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could  not  be  fitted  satisfactory. 
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on-shell  approximation  of 
the  q-space  OBE;  empiri¬ 
cal  points  are  taken  from 
reference  98 


the  solid  curve  denotes 


the  q-space  results;  the 
dashed  curve  represents 


the  r-space  OBE  (ref. 85), 
the  dash-dot  curve  the 


figure  27  : 
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curves  respectively 


5)  Unitarization  by  Dispersion  Relations 


The  unitarity  condition  can  be  incorporated  in  the 
OBE-theory  by  making  use  of  dispersion  relations. 

The  unitarity  condition  has  a  simple  form  in  a 
partial  wave  analysis.  In  chapter  II  we  discussed  disper¬ 
sion  relations  for  the  causal  amplitude  A  .  Dispersion 
relations  for' the  partial  wave  causal  amplitudes  can  be 
obtained  from  these.  The  dispersion  relations  together 
with  the  unitarity  condition  lead  to  non-linear  integral 
equations  for  the  partial  wave  amplitudes.  These  non¬ 
linear  equations  can  be  converted  to  a  linear  form  by  ap¬ 
plying  the  N/D-method,  introduced  by  Chew  and  Mandelstam 
(ref.  99) .  The  partial  wave  dispersion  relations  and  the 
N/D-method  are  the  subjects  of  this  section.  To  avoid  the 
technical  complications  due  to  the  nucleon  spin  and  iso¬ 
spin,  we  study  the  case  of  spinless  -  and  neutral  'nu¬ 
cleons'.  We  indicate  how  the  extension  to  the  realistic 
case  can  be  made. As  an  example  of  the  dispersion  relation 
approach  we  briefly  review  the  Scotti-Wong  model  (ref. 104). 

In  ■  the  discussion  of  partial  v/aves  it  is  convenient 
to  use,  instead  of  the  Mandelstam  variables,  the  cosine  of 
the  scattering  angle  x  and  the  square  of  the  momentum  in 
the  cm-system  v  ,  to  describe  the  kinematics.  The  rela¬ 
tion  between  x  and  v  and  the  Mandelstam  variables  is  : 


s  =  4 (M^+ V ) 
t  =  -2  V  (1-x) 
u  =  -2v  (1+x) 


(54) 


The  causal  amplitude  can  be  written  as  : 
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where 


(\i) 


jM£+v_j1/2  gi«L(v) 


sin6^  ( v) 


(56) 


This  result  is  given  in  the  review  article  by 

Furuichi  (ref.  52)  and  is  obtained  by  using  the  partial 

wave  expansion  of  the  amplitude  T  (34) ,  the  '  • 

relation  between  T  and  M  (2),  the  relation  between 

M  and  C  (appendix  chapter  III  (4)  )  and  the  relation 

betv/een  C  and  A  (chanter  II  (75)). The  factor  n  turns 

3 

out  to  be  n  =  (4ll/M)  ^  .  We  assume  that  the  amplitude 

3 

A ( V ,x) =A (s , t ) u)  satisfies  the  fixed  t  dispersion  rela¬ 
tion  (chapter  II  (118)). The  dispersion  relation  for  A.^  (v) 
can  be  found  from  this  dispersion  relation  by  applying  : 


Aj^(v)  =  (4n/M)2/dxP  (x)A(v’,x) 


(57) 


The  integration  over  x  introduces  cuts  in  the  complex 
v-plane.  The  cut  structure  is  found  by  inspection  of  the 
denominators  in  the  dispersion  relation  of  A(s,t;u)* 

The  denominators  of  the  pole  terms  have  the  form  : 


u-m^  =  “2v(l+x)-m^ 


(58) 


This  quantity  can  become  zero  for  some  value  of  x  if  : 


v<-v 


0  ' 


(59) 


The  integration  of  the  pole  term  over  x  generates  a  left 
hand  cut  in  the  v-plane  ,  specified  by  (59)* 

Similarly  the  denominators  s'-s  and  u'-u  in  the  disper- 


sion 

relation  for 

A(s,t;u) 

give 

rise 

to  the  cuts  : 

s'-s 

and 

4M^<s ' 

— )■  right 

hand 

cut 

0<  V 

(60) 

u '  -u 

and 

4m^  <u ' 

left 

hand 

cut 

v<-m^ 

(61) 
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This  cut  structure  is  illustrated  in  figure  29. 


structure  of  the  v-plane 


We  notice  that  the  second  left  hand  cut  for  v<"m^  is 
due  to  the  exchange  of  two  or  more  mesons.  In  the  OBE- 
model  we  leave  this  out  of  account. 

We  assume  for  simplicity  that  A  (v)  vanishes  ra- 

i-l 

pidly  for  large  values  of  v  .  From  the  cut  structure  of 
the  V“plane  and  the  Cauchy  theorem,  we  can  write  dov7n  the 
dispersion  relations  for  A  (v)  : 

Ij 

1  "  0  - 1 

A^  (v)  =  ~  /  dv’  (v'-v-ie  )  ImA.,  (v'  )  + 

JLi  Ji  Ij 


+ 


1 

n 


■/dv 

0 


( V  '  -  V  •*  ie  ) 


ImA  ( V ' ) 

Li 


(62) 


The  first  integral  represents  the  OBE-contribution .  The 
second  one  is  due  to  the  s-channel  unitarity.  If  we  assu¬ 
me  elastic  unitarity,  then  from  (56)  we  find  : 


v>0  :  ImA  (v)  =  - }l/2  |;^^(v)| 

v+M^ 

ImA  (v)  for  negative  values  of  v  can  be  calculated  ex- 
plicitly  in  the  OBE-model.  For  a  pole  term  in  A(v,x) 
we  obtain  : 
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gives  rise  to  the  imaginary  part 


m  ^ 

The  pole  for  x=-l-^ 

2  V 

of  •  From  : 

ImAhCv)  =  (v+ie  ) -A^  ( v-ie  )  }  (55) 


we  find  : 


v<  0 


ImA^ (v) 
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/4ng.2  (-1)^ 
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(1+—) 
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(66) 


If  we  substitute  the  results  (63)  and  (66)  into  the  dis¬ 
persion  relation,  we  obtain  an  inhomogeneous  non-linear 

integral  equation  for  A  (v)  : 
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A^  (v) 

1j 


g^iv) 


+  i  /dv' 

0  V ' 


I  2 

A^  ( V  '  )  ( V  '  -  v-ic  ) 

ij 


(67) 


In  this  equation  we  have  denoted  the  pole  contribution 
by  the  function  gy  (v)  .To  linearize  and  subsequently 

J.j 

solve  this  equation  we  can  use  the  N/D-method.  In  the 
N/D-method  we  write  A  (v)  as  : 

J-J 


Aj^(v)  =  N^(v)/Dj^(v) 


(68) 


where  analytic  in  the  v-plane  except  for  the 

branch  cut  from  -00  to  -v,.  .  (v)  is  analytic  in  the 

u  li 

v-plane  except  for  the  branch  cut  from  0  to  «>  .  Both 
these  cuts  are  taken  along  the  real  axis.  From  the  ob¬ 
servation  that  in  the  elastic  region  : 

ImA£l(v)  =  -{v  (v+m2)"^}^/2 

v/e  can  deduce  the  following  form  of  the  unitarity  require¬ 
ment  : 

ImD^(v)  =  -{ V (v+m2) N^(v)0(v) 


(70) 


•eft 


■1  .  .  rr 


V.>M  .' 

y  •" 


I 


/  "Vfe  !• 

’■’■1  .  •  Iv 


*  . 


!.i. 


V-f'  « 


jr 


I  I 


♦  '  T 


^  ,  Jv-  i  ivi 


? 


',  f  - .  >. 

7  •  .>•  *\ 


J  *  ^  tTV  ‘  . 

ji  w  »' 


v  .  ^  ••  t.  >;•-■*••  r^-  ^■* 


j*<',  I  •■..■/  ■■?'  1 

S»  .>1.1  n  -  ■>••. ' 


V- 


(^1) 

*  ^  * 


*  Ki  .1  •  » •;  * 


•4tTJ-: 


•jK«otf  *r 


*.  ^  -^i  ?  * 


■<  1 

-<  *4'.  I"  ‘ 


»  ,’  V  »  •  ■*t.  •l*>'  ■  ’  <  '*-i 

\  \/  <  -.  ^-1  ’  ^  ■V 

r 

■:y:> 


‘4-* 


4  •.' 


H.JC  (^>)'  »■<»  'J.  ' 

■*v 


v.ls 

'l-I 


f#"J  j, 

.  l‘’*J 


•  ^  V  ’) 


t  ^ 

’}  -'ft'  i,' )  •T 


h. 


(vKrf  “ 

.  ‘  ■kj 


'  t  ,  ■  '^ 

1  iiiVr;!^.  .  A- -ioi 


c*« 


c 


’  <*  ’  ••  -3 


If'-" 


vt'^fc*  > 

^j.  -•.  f 


•■  •>.■  t  .'’\:;^vi'-'iV  V  ^v>j:A  '■  t'l  [» 

.  ^  ;.  .V-.  '■ 

i_«,  Ax,  t.  ■  ••  _^  '4'-  i.  ■ 

’  .  »  *  *  ~4  * '  '  .  .* 

f  .  J  . -.-■■•i  .)  .,  . 

(44 .  P’s-  V  V  ,;•  4  ' '  ’  .J^  ' 

'  "'of  4k-.  "CjiE-a 


.T 
*  .1 


sS 


fffU 


o'rv  ^.qrs'^xa-  tinctq-'/ 


,ri  <,  4t 


s: 


ft  ’!.'Q 


4-i 


I  i 


■  i- 


'.'.  jir-i(> Tv,  «‘- 


V  '.f 


4i 


<»•  .f.’  •’'.  \  - , 


i.ti^  .0  fi 


•T"  fk  (.W' 


(( 


,y^.  (*  *»  i./F jdIfX 


4**  f 

■  V  * 

.  li  V^i'. 


a, 

} 


‘k^'  M*''iLA.i^ .' 


■s 


■  *  •  V  *♦ 


^  < 


%  .N*  -- 


.'^  1 


Using  (67)  one  sees  : 


ImN^(v)  =  Im  ( v) (v) 0 (-v-Vq ) 


(71) 


We  assume  appropriate  asymptotic  behaviour  so  that  both 
N^(v)  and  satisfy  once-subtracted  dispersion 

relation.  We  use  the  results  (70)  and  (71),  and  the  nor¬ 
malization  D^(0)=1  .  The  subtraction  point  is  taken  to 
be  v=0  .  The  resulting  expressions  are  : 


(72) 


(v) 


One  notices  that  the  subtraction  constant  A^(0)  can  be 
interpreted  as  the  scattering  length  for  L=0  .  The  solu¬ 
tion  of  these  coupled  equations  proceeds  as  follows  : 
First  we  combine  the  two  equations  by  eliminating  N  (v) . 
This  results  in  an  equation  for  D  (v)  ,  which  can  be 


solved  for  negative  values  of  v  .  It  is  not  difficult  to 
see  that  this  expression  can  be  written  as  ; 


v<0 


Dj^(v)  -  l-A^.(O)  y(v)  ~  ^  f  ~  Im  g^Cv*)  . 


—  CO 


(74) 


where  : 


y(v)  =  ~  /dv'{v’(v'  +M^  )  }  ^'^^  ( V  '  -  V  ) 
0 


(75) 


The  important  observation  that  one  can  make  is  that  the 
integration  (75)  is  convergent.  The  explicit  form  of  y(v) 
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y(  v) 


J  1/2  {v/(v+]yi^)  +  l 

v+m2  {  v/  (v+M^)  V^^-l 


(76) 


The  convergence  of  this  integral  is  the  reason  to  consi¬ 
der  a  once-subtracted  dispersion  relation  for  (v)  , 
Furthermore  we  notice  the  importance  of  the  factor 
{v/(v+M^)}  ^  in  this  respect.  For  inte¬ 

grand  in  (74)  -is  non-singular,  therefore  we  can  solve 
Dj^(v)  for  v<0  ,  for  instance  by  iteration.  (Another  pos¬ 
sibility  is  matrix  inversion.  In  that  way  the  solution  for 
ReD  (v)  can  be  obtained  for  v>0  also)*  Having  solved 

Li 

D^.  (v)  we  can  calculate  N^.  (v)  for  every  value  of  v 
J_j  ij 

from  equation  (73) .  Finallv  (v)  is  obtained. 

The  phase-shifts  are  found  as  follows  : 

The  unitarity  condition  (56)  can  be  written  as  : 

v>0  :  A,  (v)  =  (77) 

v+m2  ^ 


where  K  =2tan6  (v) 

Ij  Jjt 

Using  (70)  one  can  check  that  is  indeed  a  real  quan¬ 

tity.  The  explicit  expression  is  : 


2  (-JL_)  V2 


Nl(v) 

ReD^  (v) 

Ij 


(78) 


where  : 

ReD^  (v)  =  1  -  vP/dv' {v' (v'+m2) (v' ) (v'-v)~^ 

(79) 

In  the  foregoing  discussion  we  illustrated  how  the  phase- 
shifts  can  be  found  by  applying  dispersion  relations.  How¬ 
ever  the  procedure  that  we  outlined  is  not  quite  satisfac¬ 
tory.  Problems  arise  v/ith  the  threshold  behaviour  in  the 
OBE-model.  First  we  show  that  the  exact  partial  wave  am¬ 
plitude  in  the  dispersion  relation  formalism  does  have  the 
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correct  threshold  behaviour.  Having  done  this,  we  show 
that  this  behaviour  is  not  satisfied  in  the  OBE-model. 

According  to  a  theorem  in  potential  scattering, 
the  partial  wave  amplitude  has  the  following  threshold 
behaviour  (ref. 101)  : 


lira 

v->“0 


A,  (v) 


L 

V 


(80) 


This  result  can  be  reproduced  by  the  dispersion  relations 
To  see  this,  we  consider  the  fixed -s  dispersion  relation 
for  the  causal  amplitude.  After  substitution  of  the  vari¬ 
ables  V  and  X  for  t  and  u  ,  we  find  the  following 
form  for  the  partial  wave  amplitudes  : 


4  JT  ^ 

A^(v)  -(^)  ^/  dt '  ImA^  (t  ’  ,  v)  /  dxPj^  (x)  { t  M-2  V  (1-x) -ie  }  ^  + 
^0 


4n .  o'”  1  -1 

^  du'ImA  (u’,v)/  dxP^  (x)  {u' -1-2  V  (1+x) -ie  } 

J'i  U  —  1  Li 


0 


(81) 


For  the  moment  we  leave  the  pole  terms  out  of  the  discus¬ 
sion.  If  V  is  small  enough,  we  can  exoand  the  denomina¬ 
tors  in  pov^ers  of  v(l±x)  .  The  factors  (l±x)^  can  be 
expanded  as  linear  combinations  of  the  Legendre  polyno¬ 
mials  ^  e{0,l,..n}  .  Using  the  orthonormali¬ 

ty  of  the  Legendre  polynomials  one  obtains  the  result 
that  the  lowest  order  contribution  in  the  power  series  in 
V  is  .  The  v-dependent  integrals  over  u'  and  t' 

are  constants  for  v->-0  ,  therefore  the  expected  threshold 
behaviour  (80)  is  obtained.  We  notice  that  it  is  vital  in 
this  argument  that  u^  and  t^  are  finite.  We  consider 
now  the  dispersion  relation  (62) .  The  foregoing  arguments 
clearly  do  not  aoply  for  the  s-channel  unitarity  integral. 
Indeed  it  does  not  have  the  correct  threshold  behaviour 
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(ref.  52) .  Therefore  we  conclude  that  the  left  hand 
side  contribution  does  not  have  the  limit  (80)  ,  because 
the  sum  of  terms  in  (64)  does  have  the  correct  thres¬ 
hold  behaviour  (in  the  exact  case) .  Cancellations  between 
terms  occur  to  the  effect  that  the  limit  (82)  is  ob¬ 
tained. 

In  the  OBE-model  we  only  consider  the  pole  contri¬ 
butions  to  the  first  integral  in  (62).  The  explicit  form 
is  : 


1  4TTa  T  2 

v>0  ;  2(-l)^  f  dv{v'{v'-v)}  ■^P^(l+^) 


(82) 


where 


is  the  Iiegendre  function  of  the  second  kind. 

in  ^ 

From  the  asymptotic  behaviour  of  (1+  ^-)  follows  : 


lim 

v->0 


gr  (v) 


L 

V 


(83) 


Consequently  gr  (^)  can  not  provide  the  cancellations 
necessary  to  obtain  the  correct  threshold  behaviour  for 
A  in  the  OBE-model. 

J-J 

A  simple  solution  for  this  problem,  suggested  by 
Kantor  (ref.  102)  is  to  use  L-subtracted  dispersion 
relations  ; 


,  /  ^  ,  ,  .  1  L  ,  1  ,  v'  ,1/2 

Aj^(v)  =  gj.  (V)  +  V  /dv 


where  we  have  put  : 


I  2  _  T 

At  ( V  '  )  ( V  '  -  v-ie  ) 


(84) 


A^(0)  =  {v-lA^(v)}^^0 


{v"^'''^A  (v)  }  .  = 

L  v=0 


0 


(85) 
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Although  the  form  (84)  has  the  correct  threshold  behaviour 
we  notice  that  A^(v)  behaves  asymptotically  as  ; 

A  (  \  L-1 

Aj^(v)  ~  V  (86) 

which  is  in  violent  conflict  with  the  Froissart-Gribov 
bound  for  the  asymptotic  behaviour  of  the  total  cross  sec¬ 
tion  (ref.  60  ).  Another  difficulty  is  that  this  subtrac¬ 
tion  causes  a  divergent  solution,  when  we  solve  (84)  by 
iteration  (ref.  52) . 

Scotti  and  Wong  (ref.  104)  avoid  these  problems  by 
multiplying  the  integrand  in  (84)  for  L>1  by  : 

{  (87) 

where  v  is  a  negative  real  constant.  In  doing  so  they 
c 

obtain  both  the  correct  threshold  behaviour  and  the  cor¬ 
rect  asymptotic  behaviour. 

As  we  discussed  in  chapter  I,  section  3,  the  effect 
of  the  interaction  is  larger  for  the  lower  partial  waves. 

We  expect  therefore  that  the  importance  of  the  unitarity 
integral  in  (84)  is  more  significant  in  the  .lower  than  in 
the  higher  partial  waves.  Scotti  and  Wong  proposed  the  fol¬ 
lowing  treatment  : 

for  L>6  :  the  unitarity  integral  is  negl.ected 

for  L=3,4,5  :  A  (v')  in  the  integral  is  replaced  by  the 

one  pion  exchange  contribution  gr(v) 
for  L=l,2  :  the  full  equation  (84)  modified  as  discus¬ 

sed  above,  is  solved  by  using  the  N/D-method 
for  L=0  :  one  subtraction  at  v=0'  is  introduced  and 

the  equation  is  also  solved  using  the  N/D- 
method 
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In  the  realistic  case  we  should  include  the  spin 
and  iso-spin  of  the  nucleons  and  the  various  exchanged 
mesons.  To  extend  the  discussion  to  that  case,  we  have  to 
use  ten  amplitudes,  five  for  the  various  transitions  be¬ 
tween  the  spin  states  and  one  for  each  of  the  two  iso¬ 
spin  states^  Furthermore  we  notice  that  couplings  betv^een 
the  various  L-states  occur.  The  N/D-method^ as  we  discus¬ 
sed  it,  should  therefore  be  generalized  to  handle  the 
coupled  channel  problem.  Bjorken  and  Nauenberg  (ref.  105) 
have  shown  that  such  a  generalization  can  be  made.  To 
this  end  one  writes  the  scattering  matrix  as  a  product  of 
a  matrix  N  .and  the  inverse  of  a  matrix  D  .  Dispersion 
relations  can  be  written  for  the  matrix  elements  of  these 
matrices.  Details  of  the  method  can  be  found  in  the  ori¬ 
ginal  paper  of  Bjorken  and  Nauenberg  or  in  the  Scotti  and 
Wong  article. 

In  their  model  Scotti  and  Wong  take  into  conside¬ 
ration  the  TT  ,  n  ,  p  ,  w  and  (})-meson  and  furthermore 
an  iso-scalar  scalar  meson.  The  subtraction  constant  for 
the  S-waves  is  adjusted  to  the  empirical  scattering 
lengths  : 


a  =  5 . 4  fm 

np 

a^""^  =  -23.74  fm 
np 


(88) 


a  =  -  7.7  fm 
PP 


The  meson  masses,  except  those  of  the  large-width 
p -meson  and  the  fictitious  iso-scalar  scalar,  are  prede¬ 
termined^  as  is  the  pion-nucleon  coupling  constant.  The 
divergence  of  the  amplitudes  for  vector  mesons  was  han¬ 
dled  by  adding  an  exponentially  decreasing  factor,  such 
that  at  high  energies  the  Regge  behaviour  is  obtained. 
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In  this  procedure  they  introduced  three  adjustable  para¬ 
meters,  one  for  each  of  the  three  vector  mesons  in  their 
model.  The  pole  v  was  taken  to  be  the  same  for  all 
partial  waves.  In  total  the  model  involves  12  free  para¬ 
meters.  Table  13  gives  masses  and  coupling  constants(page  14  7). 

Another  peculiarity  of  their  method  is  that  they 
did  not  try  to  fit  calculated  phase  parameters  in  their 
model  V7ith  a  phase-shift  analysis.  Instead  they  calcu¬ 
lated  observables  directly  and  fitted  those  with  the  em¬ 
pirical  data.  The  fit  was  quite  good.  A  calculation  of 
the  phase'  parameters  yielded  a  reduced  of  2.5  for 

377  p-p  data  points  (ref.  106). 

A  disadvantage  of  their  method  is  the  inclusion 

of  the  (L-l)th  order  pole  at  v  ,  the  physical  origin 

c» 

of  which  is  rather  obscure.  Furthermore  the  Regge  type 
cut-off  procedure  caused  difficult  computer  calculations 
(ref.  20) .  It  was  pointed  out  by  Signell  that  a  Coulomb 
interference  correction  which  was  used,  over  estimated 
the  effect  (ref.  20) . 

One,  may  notice  that  the  introduction  of  the  un¬ 
physical  pole  at  V  is  not  necessary  for  the  S-\7aves, 

It  is  particularly  in  this  case  that  the  partial  wave 
dispersion  relations  have  been  applied  successfully  by 
Noyes  and  Wong  (ref.  107)  and  others.  These  analyses 
suggest  that  by  adjusting  the  scattering  lenghts  using 
a  once-subtracted  dispersion  relation,  we  can  reproduce 
the  deuteron  binding  energy  and  the  S/D-mixing  ratio 
(ref .  52) . 
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6 )  Concluding  Remarks 


The  various  OBE-models  have  in  common  that^  for  the 
outer  range^the  interaction  is  described  by  the  pion  ex¬ 
change  and  for  the  short  range  repulsion  the  oo-meson  is 
indispensible . Furthermore  the  intermediate  range  attrac¬ 
tion  can  not  be  reproduced  accurately  without  an  iso-scalar 
scalar  of  about  500  MeV. .Erkelenz  (ref.  3)  points  out  that 
to  fit  the  S-phase-shifts ,  the  6~meson  should  be  used. 

The  characteristic  bending  down  of  the  phase-shift 

requires  the  inclusion  of  the  p -meson.  Minor  improvements 
are  possible  by  including  other  mesons  such  as  the  n  and 
the 

All  OBE-models  take  the  meson-nucleon  coupling  con¬ 
stants  as  parameters  to  be  searched  over.  From  other  sour¬ 
ces  the  ttN  coupling  constant  is  well  established  ; 

=  14.50±0.50  .  Values  of  the  pN  coupling  constants 

are  reported  in  the  range  =  0.5±0.2  and  fp/9p  =  3.80±0.50 

(ref.  4).  Quark  model  considerations  lead  to  g^ig^  =  1:9 

and  g|  =  0  (ref.  4;  see  also  ref.  111).  So  g^  =  5±2  .  From 

the  very  small  iso-scalar  anomalous  magnetJ.c  moment  of  the 

nucleon  one  knows  that  f  /g  -  0  .  SU(3)  predicts  for  the 

00  "to 

pseudo  scalars  g^:g^  =  25:3  ,  so  g^  ==  2  .  Virtually  noth- 
ing  is  known  about  the  coupling  constants  of  the  scalar  me¬ 
sons  (ref.  4;  see  however  ref.  112) .  From  the  tables  8-13 
on  page  -  'M-7  ,  one  notices  that  general  agreement  exists 

about  the  ttN  coupling  constant.  Also  the  ratio  g^:g^  =  1:9 
is  reproduced  with  acceptable  accuracy,  except  by  Scotti  and 
Wong.  Especially  the  results  of  Ueda  and  Green  agree  with 
the  values  given  above.  In  these  comparisons^ one  should  keep 
in  mind  that  the  OBE-values  will  depend  on  the  meson  masses 
that  are  chosen  ,  which  differ  in  the  various  models  and 
also  on  the  cut-off  procedure  that  is  employed.  The  unphysi¬ 
cal  values  in  the  Scotti-Wong  model  are  probably  due  to  the 
4  purely  phenomenological  parameters  that  are  used. 

Erkelenz  et.  al.  (ref.  108)  pointed  out  that  if  one  wants 
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to  compare  the  values  of  the  coupling  constants,  the  resi¬ 
dues  of  the  pole  terms, with  empirical  values  one  has  to 
renormalize  the  coupling  constants.  For  a  form  factor  of 
the  type  (27)^ they  define  : 

F'2  =  (A2-m?){A2-(k'-k)2}"^  (gg) 

2 

where  m.  is  the  meson  mass.  For  (k’-k)=m?  we  find 
1  1 

Fi2_1  ^  Therefore  a  renormalized  coupling  constant  g|^ 
is  defined  by  requiring  g|2F'^=g?F^  .  So  : 


g|^  =  {A^(A^“m?)“M  g? 


(90) 


From  this  form  one  observes  that  the  renormalized  values 
will  be  bigger  than  g?  .  This  effect  is  especially  clear 

for  heavy  mesons.  For  instance  from  table  12,  page  147 
one  obtains  : 


1  2  ^ 
7r 

13.1 

P  *  ^ 
w 

II 

kO 

• 

Q  - 

N> 

il 

5.3 

P 

=  8.3 

'  2  ~ 

n 

7.1 

'  4> 

=  13.3 

!! 

c\l 

2.1 

(91) 


It  is  clear  that  the  values  depend  critically  on  the  cut¬ 
off  procedure  that  is  used.  Therefore  one  can  not  take 
these  too  seriously. 

From  the  various  OBE-models  that  we  discussed,  one 
may  notice  that  the  results  are  not  very  sensitive  to  the 
specific  method  of  unitarization  that  is  chosen.  Clearly 
the  model  allov^s  enough  freedom  to  parametrize  impor¬ 
tant  relativistic  effects  as  the  meson  retardation. 

A  problem  is  that  a  satisfactory  fit  can  not  be 
made  with  a  physical  value  for  mass  of  the  iso-scalar  scalar. 
It  is  therefore  reasonable  to  interpret  the  exchange  of 
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this  meson  as  an  ad-hoc  parametrization  of  neglected  pro¬ 
cesses  . 

It  seems  impossible  to  get  a  quantitative  fit  for 

all  phase  parameters  (X  ~1)  .  Especially  problems  arise 

in  obtaining  a  satisfactory  fit  to  the  and  the 

2  2 

phase-shifts  (ref.  108).  This  is  another  indication  that 
the  OBE-assumptions  form  too  rough  an  approximation. 

However  in  the  OBE-models  one  is  able  to  reproduce 
the  emtpirical  phase  parameters  with  an  accuracy  compara¬ 
ble  with  the  best  phenomenological  potentials.  The  number 
of  parameters  involved  is  about  10,  whereas  for  phenome¬ 
nological  potentials  we  need  30  to  40,  Furthermore  these 
parameters  can,  at  least  in  principle,  be  obtained  from 
other  processes  than  nucleon-nucleon  scattering. 

One  may  therefore  conclude  that  although  it  is  not 
likely  that  the  OBE-processes  form  the  complete  theory  of 
the  nucleon-nucleon  interaction,  they  constitute  a  domi¬ 
nant  component. 
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table  7  ; 

masses  of 
from  the 

low  energy  mesons 
particle  data  group  (ref. 92) 

meson 

I  (jP) 

mass (MeV. ) 

width (MeV. ) 

+ 

TT 

1(0") 

139.57 

0.0 

0 

7T 

134.96 

7.95±  0.55 

n 

0  (0") 

548.8 

±  0.6 

0.85±  0.12 

P 

(770) 

1  (1" ) 

773 

±  3 

152  ±  3 

0) 

(783) 

0  d") 

782.7 

±  0.3 

10.0  ±  0.4 

n’ 

(958) 

0(0") 

957.6 

±  0.3 

<1 

6 

(970) 

KO”^) 

976 

±10 

50  ±20 

s* 

(993) 

oco”^) 

993 

±  5 

40  ±8 

(1020) 

0  (1") 

1019.7 

±  0.3 

4.1  ±  0.2 

e 

(1200) 

0(0''') 

1100-1300 

600 

Tabbies  8_"  13  : 

Tables  of  meson  masses  and  coupling  constants  used  in  the 
various  models.  The  values  between  parentheses  are  prede- 


termined , 

the  other 

ones  are  adjusted.  f/g 

denotes 

ratio 

of 

the  direct 

and  derivative  coupling 

constants 

The  names 

of  the  meso]is  in  the 

tables  are  those  used 

the  model 

under  con: 

sideration . 

table 

8  : 

SUWY  (ref 

.  78) 

meson 

KJP) 

mass (MeV. ) 

2!___ 

fZa 

TT 

1(0") 

(140) 

14.4 

s 

0(0'^) 

600 

13.1 

p 

1(1") 

(750) 

1.62 

1.45 

u 

0(1") 

(750) 

10.95 

0.19 
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table  9 

:  Bryan- 

■Scott  (model  III) 

(ref.  83) 

meson 

I  (jP) 

mass (MeV. ) 

2^ 

f/2 

7T 

1(0") 

(138.7) 

12.55 

n 

0(0") 

(548.7) 

2.60 

^0 

0(0"^) 

550 

8.19 

a 

1 

P 

1(0'*.) 

600 

1.65 

l(l“) 

(763) 

1.81 

1.13 

(JL) 

0  (1") 

(782.8) 

17.26 

0.0 

table  10 

:  Udda-Green  (model  I) 

(ref.  84) 

meson 

I  (jP) 

mass (MeV. ) 

f/2 

7T 

1(0") 

(138.7) 

14.01 

a 

0(0'*') 

(416.1) 

1.96 

n 

0  (O") 

(548.7) 

2.73 

p 

1(1") 

(763.0) 

0.78 

4.76 

w 

0(1") 

(782.8) 

8.02 

0.0 

7T 

KO"^) 

(1016.0) 

4.11 

% 

0(o"') 

(1070.0) 

4.44 

table  11 

:  Erkelenz  et.  al.  (ref. 

85) 

meson 

I  (jP) 

mass (MeV. ) 

2!____ 

TT 

1  (O") 

(140) 

13.0 

^0 

0(0'^) 

500 

4.7 

ri 

0  (O') 

(548) 

6.0 

6 

1  (0'*') 

700 

4.8 

P 

1(1") 

(780) 

3.073 

2.13 

OJ 

0(1") 

(780) 

15.327 

(0.0) 

table  12  :  Holinde  and  Machleidt  (ref. 97) 


meson 

I(J^) 

mass (MeV. ) 

q2 

ir 

1  (0‘) 

138.5 

13.0 

^0 

0(0'*') 

500.0 

4.63 

n 

0  (O”) 

548.5 

6.0 

p 

1(0'*') 

763.0 

1.5 

3.5 

03 

0  d") 

782.8 

14.0 

(0.0) 

6 

KG'*) 

960.0 

4.74 

$ 

0(1‘) 

1020.0 

7.0 

(0.0) 

table  13 

:  Scotti  and  Wong  (ref. 

107) 

meson 

I  (jP) 

mass (MeV. ) 

7r 

1(0") 

(135) 

(14) 

a 

0(0'‘ ) 

437 

3.05 

ri 

0(0") 

(548) 

12.1 

P 

l(l“) 

591 

1.27 

3.0 

0) 

0(1") 

780 

2.77 

(0.0) 

$  . 

0(1”) 

1020 

2.26 

(0.0) 
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Appendix  Scattering  Amplitude  and  Transition  Matrices 


In  the  literature  one  may  encounter  various 
of  the  relation  between  the  scattering  amplitude  M 
defined  by  ; 


form 

i->f 


da 

dfi 


(1) 


and  the  transition  matrix  ,  defined  with  respect  to 

the  scattering  matrix  by  : 

"  hf  (kj-k^)C^^j  (2) 


VJong  (ref.  43)  uses  the  relation  ; 

m2 

M  = - C 

i->f  4nE  i->f 


Sawada  et,  al.  (ref.  78)  employ  : 


M.  ^ 
i->f 


E 

4n 


i->-f 


(3) 


(4) 


While  in  the  textbook  of  Nishijima  (ref.  110)  one  finds  : 

=  IW  I  (5) 

Some  more  forms  may  be  found  differing  in  factors  (2n) 
or  M  .  We  shall  confine  ourselves  to  (3)  ,  (4)  and  (5) ,  and 

show  how  these  can  be  accounted  for. 

The  differential  cross-section  is  the  probability 
per  unit  space-time  that  an  incoming  particle  is  scattered 
by  a  target  nucleon  into  a  solid  angle  dfi  .  (We  suppress 
the  internal  degrees  of  freedom  which  are  immaterial  to 
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this  discussion.)  The  probability  P  that  the  state  of 
the  two  nucleon  system  changes  in  the  collision  process, 
is  : 

P  =  e(Epe(E|)  f^i  (6) 

■  ^ 

dk^  e  (E^.)  is  a  one  particle  phase-space  element.  There 
is  no  need  to  .specify  e(E^)  at  this  stage  of  the  dis¬ 
cussion.  Upon  substitution  of  (2)  into  (6)  and  using  : 

(2ll )  ^ 6  (k^-k^ )  =  VT  ,  total  space-time  (7) 

'•  * 

we  find  the  total  transition  probability  per  space-time  : 

2 

e(E^)e(E2)  {2II)'*6(kj-k^)  (8) 


It  is  convenient  to  transform  to  the  cm-system.  After  a 
little  manipulation  we  find  from  (8)  : 


d 


P 


da  VT 


(2n)  ||ic|Ee2  (E) 


(9) 


v;here  E  and  |  i?  |  are  the  cm-energy  and  the  momentum 
magnitude  for  a  nucleon.  (We  are  not  justified  to  use  (9) 
for  f^=0  .)  ^  is  obtained  by  calculating  ^  ^  for 

one  incoming  nucleon  and  one  target  nucleon.  To  this  end 
we  should  divide  (9)  by  the  flux-density  F.D.,  which  is 
discussed  below  : 


d  (o)  -  -Jz _  ~ 

df^  ^  ^  F.D.  dS^  VT 


(10) 


We  consider  a  complete  set  of  one  nucleon  states  {|k>} 
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/die  e(E)|]t><jt|  =  I 


(11) 


Using  this  corapleteness  requirement,  we  see  that  : 


<MK> 


(12) 


We  interpret  ^<k|k>  as  the  particle  density  : 


1  ^  I  ^ 

-<k|k>  = 


(2n) 


3  e(E) 


(13) 


The  flux-density  is  the  product  of  the  densities  of  the 
incoming  and  target  particles  and  their  relative  ve¬ 
locity  V  : 


F.D. 


1 _ 1 _ 

(2n)  S  e  (E^ )e (E^) 


(].4) 


For  the  cm-system  one  obtains  therefore  : 


F.D-. 


(2n)  ^  e^ (E) E 


(15) 


By  substitution  of  (15)  and  (8)  into  (9) ,  we  find  : 


dJ^ 


G  (i^) 


(2n) 


1  0 


E^e^ 


(E)  IC 


i-^f 


(16) 


We  consider  now  the  form  of  the  phase-space  element  e (E) . 
V7ong  uses  : 


e  (E) 


1  M 
(2n) 3  ^ 


(17) 


The  factor  ^  has  a  simple  interpretation.  If  one  con- 

ti 

siders  box  quantization,  it  represents  the  Lorentz  con¬ 
traction  of  the  box.  By  substitution  of  (17)  into  (16) , 
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we  obtain  the  relation  (3) . 

The  result  (4)  of  Sawada  et.  al,  can  be  reproduced 
by  using  the  non-relativistic  phase-space  element  ; 


e  (E)  - 

(2n)  3 


(18) 


The  relation  used  by  Nishijima  is  obtained  by 
choosing  the  form  : 


e(E) 


1 

{2n)  3 


1 

2E 


(19) 


This  form  leads  to  the  covariant  phase-space  element  : 


1  dp 

(211)  3 


— 6(p-M)0(p^) 

(2n)3  ^ 


(20) 


Of  course  a  consequent  use  of  the  two  covariant  forms  (17) 

da 


and  (20)  leads  to  the  same  predictions  about 


dr2 


from  a 


model  of  the  interaction.  The  phase-space  element  used  by 

Sawada  et .  al.  is  non-covariant  and  the  use  of  (4)  is 

M 

justified  for  =r-l  only.  In  the  case  of  a  laboratory  kj.- 


netic  energy 


E 

E,  ,=350  MeV. ,  we  find  M/E-0.84 
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CHAPTER  IV 


BEYOND  THE  ONE  BOSON  EXCHANGE 

1)  Introduction 

The  OBE-models  that  we  discussed  in  the  previous 
chapter,  are  not  satisfactory  in  the  following  four  re¬ 
spects.  First  a  cut-off  procedure  has  to  be  introduced  if 
we  want  to  describe  the  lower  partial  waves.  This  intro¬ 
duces  phenomenological  parameters  on  which  the  values  of 
the  coupling  constants  for  the  heavier  mesons  depend  cri¬ 
tically.  Secondly  a  fictitious  scalar  meson  appears  to  be 
indispensable.  Clearly  the  values  for  the  well-established 
mesons  will  depend  on  the  mass  and  coupling  constant  of  the 
scalar  meson  a  .  Therefore  one  can  not  really  comip£ire  the 
OBE-coupling  constants  with  the  values  from  other  sources. 
It  has  been  stated  often  that  the  form  factor  and  the  a 
parametrize  the  higher  order  effects  that  are  not  treated 
explicitly  in  the  OBE-models.  Thirdly^ this  parametrization 
does  not  lead  to  the  desired  quantitative  fit  with  the  da¬ 
ta.  Finally, the  semi  phenomenological  character  of  the 
OBE-description  introduces  uncertainties  in  many-body  ap¬ 
plications  . 

There  are  therefore  both  fundamental  and  practical 
arguments  to  consider  higher  order  effects  explicitly.  The 
most  important  of  these  is  the  exchange  of  two  uncorrelat¬ 
ed  pions.  In  section  two  we  consider  potentials  that  are 
derived  from  the  fourth  order  Feynman  graphs.  In  these  mo¬ 
dels  one  encounters  problems  concerning  the  form  of  the 
interaction  Hamiltonian.  The  ps~pv  (pseudo  scalar  pseudo 
vector  =  derivative)  coupling  leads  to  divergences,  while 
the  uniTiodified  ps— ps  (pseudo  scalar  pseudo  scalar  —  orroct.; 
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coupling  is  not  justified.  The  ps-ps  coupling  theory  over¬ 
estimates  the  contributions  due  to  virtual  nucleon-antinu¬ 
cleon  pairs. 

It  is  shown  in  section  three  that  the  introduction 
of  a  (fictitious)  scalar  meson  a  may  reduce  the  problems 
that  one  encounters  in  a  fourth  order  calculation  of  the 
two  pion  exchange.  But  this  is  still  not  satisfactory  for 
obvious  reasons.  In  the  second  part  of  section  three  the 
question  is  considered  to  what  extent  one  can  replace  the 
a  in  an  OBE-description^ if  one  includes  the  effects  of 
A (1232)  formations  in  the  intermediate  state.  The  conclu¬ 
sion  is  thatyat  least  for  the  long  range  attraction^  the 
A (1232)  can  replace  the  a  .  But  for  the  more  inner  lying 
region^  a  semi  phenomenological  description  in  terms  of  the 
a  and  a  form  factor  is  needed. 

The  problems  connected  v/ith  the  fourth  order  calcu¬ 
lation  of  the  two  pion  exchange  can  be  circumvented  if 
dispersion  relations  are  used.  This  method  has  furthermore 
the  advantage  that  interactions  between  the  two  pions  and 
the  pion-nucleon  rescattering  effects  can  be  incorporated 
in  a  natural  way.  This  method  is  discussed  in  section  four. 

The  introduction  of  the  two  pion  exchange  effect 
may  render  the  a  exchange  superfluous,  but  a  cut-off  fac¬ 
tor  still  has  to  be  used.  A  somewhat  less  arbitrary  choice 
of  a  formfactor  is  however  possible  than  the  one  discuss¬ 
ed  in  chapter  III,  §3.  The  so  called  eikonal  form  factor  is 
based  on  the  multiple  exchange  of  neutral  vector  mesons. 

The  use  of  this  form  factor  in  OBE-potential s  leads  to  more 
acceptable  values  for  the  coupling  constants  .  This  form 
factor  is  the  topic  of  section  five. 

In  section  six  the  question  is  briefly  considered 
which  other  higher  order  processes  are  relevant  for  the 
nucleon-nucleon  interaction  problem. Furthermore  a  few  con¬ 
cluding  remarks  are  made. 
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2 )  Two  Pj.on  Exchange  :  the  Fourth  Order  Potential s 


Before  the  discovery  of  the  pion  resonances  a  lot 
of  theoretical  effort  was  invested  in  establishing  the 
two  pion  exchange  effect.  An  important  question  in  these 
investigations  concerned  the  form  of  the  interaction  Ha¬ 
miltonian.  If  we  go  beyond  the  Born  approximation,  the 
ps~ps  -  and  ps-pv  couplings  do  not  have  the  same  on-shell 
behaviour.  A  practical  difference  between  the  two.  coupling 
modes  is  that  the  ps-ps  coupling  theory  can  be  renormal¬ 
ized  using  the  Dyson  techniaue,  while  no  renormalization 
scheme  is  known  in  case  of  a  ps-pv  coupling.  Another  dif¬ 
ference  can  be  seen  from  the  appearance  of  in  the  ps- 

ps  coupling  Lagrangian.  ‘p  will  couple  negative  -  and 
positive  energy  components,  so  one  expects  significant 
contributions  from  intermediate  nucleon-antinucleon  pairs. 
An  interesting  relation  betv/een  the  two  coupling  iiodes  V7as 
discovered  by' Dyson  (ref.  114).  To  second  order  in  the 
coupling  constant,  the  ps-ps  coupling  term  can  be  written 
essentially  as  the  sum  of  the  ps-pv  coupling  term  and 
a  term  quadratic  in  the  coupling  constant  and  the  pion 
field.  This  quadratic  term  arises  from  the  contributions 
of  the  intermediate  nucleon-antinucleon  pairs.  Due  to  the 
large  value  of  the  pion-nucleon  coupling  constant,  one  ex¬ 
pects  therefore  a  large  spin  independent  contribution  from 
this  term.  However  experimentally  no  strong  S-state  inter¬ 
action  was  observed  in  pion-nucleon  scattering.  This  re¬ 
sult  indicates  that  the  contribution  from  the  formation  of 
an  intermediate  nucleon-antinucleon  pair  is  small. 

This  fact  does  not  necessarily  imply  that  one  should 
use  ps-pv  coupling.  Drell  and  Henley  (ref.  115)  showed 
that  the  primary  effect  of  the  interaction  terms  coming 
from  the  difference  between  ps-ps  -  and  ps-pv  coupling  con¬ 
sists  of  a  short  range  repulsion.  Potentials  of  this  sort 
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will  give  a  large  contribution  to  the  S-wave  interaction 
in  the  Born  approximation,  but  in  an  exact  theory  the 
effects  may  be  small.  This  analogy  suggests  that  if  one 
takes  higher  order  contributions  into  account,  one  may 
obtain  the  observed  'damping'  of  the  effects  of  the  vir¬ 
tual  nucleon  pair.  Attempts  in  this  direction,  for  in¬ 
stance  by  Hamada  and  Shono  (ref.  116) ,  indicate  that  dam¬ 
ping  may  be  obtained  from  a  selective  treatment  of  radia¬ 
tive  corrections.  One  expects  this  damping  of  the  virtual 

t 

nucleon  pairs  in  pion-nucleon  scattering  also  to  be  of  im¬ 
portance  for  the  two  pion  exchange  contribution  to  the  nu- 
cleon-nucleoii  interaction  (compare  figure  30a  and  30b,  30c) . 


figure  30 


virtual  nucleon  pairs  in  ttN  scattering 
(fig.  30a)  and  NN  scattering  (fig.  30b,  30c) 


In  a  radical  approach  one  might  assume  that  the  dif¬ 
ference  between  ps-ps  coupling  with  pair  suppression  and 
ps-pv  coupling  is  negligable.  This  attitude  was  taken 
by  Taketani  et.  al.  (ref.  117)  in  1952.  They  calculated 
fourth  order  potentials  corresponding  to  the  box  diagram 
and  the  crossed  diagram,  using  ps-pv  coupling.  In  this  cal¬ 
culation  unrenormalisable  divergences  appear.  They  noticed 
that  in  the  static  limit  these  divergences  vanish.  In  this 
limit  one  assumes  non-relativistic  nucleons  and  a  vanishing 

t 

pion-nucleon  mass  ratio.  It  was  hoped  that  for  the  outer 
range  of  the  interaction , this  potential  supplemented  with 
the  OPE-contribution  might  prove  a  reasonable  description. 
The  inner  region  was  treated  entirely  phenomenologically. 


ITT 


IX  -/'•  l-  ' 


SS'l'. 


■  %  .j£ 

% 

jyiiC  ' 


•;■'  T 


;  * 


X  - 


1  •  •  > 


i  S  ij'  > 

•  ■•■  i 


1  ^  3.  1-  :  ^  I^,>../  •:>• 


»  ^  -  J 


'.  .  .IW. 


'  '* 

■.  X  >-•.  * 


.  >•(  •  .'/’  V.. 


,.  ^  ,  'j  -: 


I 


I  /  .  t 


t" 


..•>r 


->  ■  '  '-  1  ■-  [ 

V,-  >  • 


•  r.'  ■ 


t 


i  ■'3 


A’ 


1  -•»' '  (• 


t:  ti 


• .  1 1  ,'V 

•.X 


I  '  r  ^ 

4  ^ 


X 


>  -r 


'•  'w  ■  ■  .  .»•  r- 


••'1.  ’•  '< 


h‘  '  >  /  A '  •■  ^  •4''. 

-.•'  ACt”  ••  J 

■5f«K5wW6> 


t  9  4  \  • 

♦  , 


-r  /-  'S 

^  4  ^ 


»■•  .%  ♦ 


•  >4 


s  i :  t 

..  *  .  ^  ^  ; 

. .  .',  /  .  • 

r  ■’ 

I i '- -•  .  >*  r  •  *'*,*‘/  '•  ' 

>a '  ?  ’'-  "• 

'•*  *  _  I  .f  ' 

.  V.. 


r  ??  *  •. 


■T  V  b'.fc  "i- 


;  ^ 


^  .•< 


f  r 


’  '•  r  '  'r 


.  TiT^  "  .* 


•.  *' 


156 


A  similar  potential  was  constructed  by  Bruckner  and  Watson 
(ref,  113) .  A  qualitative  agreement  with  the  successful 
phenomenological  Hamada-Johnston  potential  is  obtained  in 
these  approaches. 

Nevertheless  the  static  limit  in  these  calculations 
is  clearly  an  undesirable  feature  .  Charap  et.  al. 

(ref.  119)  tried  to  avoid  this  limit.  However  in  their  mo¬ 
del  they  used  the  approximation  of  non-relativistic  exter¬ 
nal  momenta  for  the  one  pion  exchange.  As  was  noticed  by 
Partovi  and  Lomon  (ref. 96),  the  calculation  of  the  fourth 
order  diagram  involves  the  iteration  of  the  one  pion  ex¬ 
change  contribution  over  all  momenta,  and  therefore  a  non- 
relativistic  approximation  to  these  amounts  to  a  partially 
static  approximation.  They  used  ps-ps  coupling  and  neglect¬ 
ed  contributions  from  virtual  nucleon  pairs. 

The  problem  they  encountered  was  the  appearance  of 
a  divergency  which  was  removed  ad-hoc  by  a  subtraction  of 
a  zero  range  and  an  infinite  strength  potential.  Cotting- 
ham  and  Vinh  Mau  (ref,  120)  used  this  formalism  to  calcu¬ 
late  a  tv70  pion  exchange  potential.  They  obtained  too 
strong  an  iso-singlet  central  potential.  Partovi  and  Lomon 
(ref.  96)  pointed  out  that  this  can  be  traced  to  the  sub¬ 
traction  . 

It  is  interesting  that  the  ps-ps  coupling  leads  to  a 
convergent  contribution  from  the  box  and  crossed  dia¬ 
grams.  This  result  indicates  that  the  virtual  nucleon  pair 
provides  a  cut-off.  We  can  expect  contributions  from  the 
virtual  nucleon  pairs  for  cm-momenta  of  the  order  of  the 
nucleon  mass  or  more.  Therefore  in  order  to  obtain  conver¬ 
gence,  a  correct  relativistic  treatment  of  the  high  momen¬ 
tum  part  of  the  integration  is  quite  important.  The  con¬ 
vergence  of  the  fourth  order  terms  and  the  renormali tabi- 
lity  are  important  practical  arguments  in  favour  of  the  use 
of  the  ps-ps  coupling  theory.  Partovi  and  Lomon  (ref.  96) 
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constructed  a  potential  based  on  the  exchange  of  tv70  uncor 
related  pions,  besides  the  exchange  of  one  pion,  the  03  , 
p  and  n  .  The  formalism  that  they  use  is  based  on  the 
Blanckenbecler-Sugar  reduction  of  the  Bethe-Salpeter  equa¬ 
tion  (ref.  113) .  To  this  end  they  extended  the  Blancken- 
becler-Sugar  equation  to  the  case  of  spin-j  particles.  The 
Bethe-Salpeter  equation  can  be  written  symbolically  in  the 
form  : 


(1) 


C  =  U  +  UgC 


(2) 


U  =  K  +  K(G-g)U 


In  this  form  K  is  the  Bethe-Salpeter  kernel;  G  the  re¬ 
lativistic  propagator  and  g  a  non-relativistic  reduction 
of  it.  U'  is  the  potential.  By  elimination  of  U  one  easi 
ly  sees  that  (1)  and  (2)  are  indeed  equivalent  to  the 
Bethe-Salpeter  equation.  The  kernel  K  can  be  v/ritten  as 
an  expansion  in  powers  of  the  coupling  constant  : 


K  =  K  +  K  +  .  .  . 


(3) 


Accordingly  we  can  expand  U  : 


U  =  U  +  U  +  .  .  . 


(4) 


by  substitution  of  (3)  and  (4)  in  (2) ,  we  obtain  ; 


=  K  ^2) 


(5) 


U  U)  _  ^4;  4.  K  ^2;gk  ^2)  _  K  ^^gK  ^^3 


(6) 


K ^2)  comes  from  the  one  meson  exchange  .  A  restriction  to 
U ^2)  yields  the  OBE-description  discussed  in  chapter  III, 
§4.  is  the  fourth  order  potential.  K  ^21qk(  2; 


I 


represents  the  box  diagram,  therefore  gives  the  re¬ 

maining  fourth  order  contribution  V7hich  comes  from  the 
crossed  diagram  (the  other  fourth  order  diagrams  contri¬ 
bute  to  mass  and  vertex  renormalizations) .  The  term 
KC%K^2)j_g  the  iterated  OPEP ,  which  should  be  subtracted 
to  avoid  double  counting.  The  non-relativistic  two  nucleon 
propagator  g  .  is  required  to  have  the  same  cut  structure 
as  G  in  the  physical  region.  This  requirement  does  not 
specify  the  choice  of  g  uniquely.  Hov^ever  the  signifi¬ 
cance  of  the  Blanckenkecler-Sugar  choice  is  that  it  gives 
a  reduction  to  the  non-relativistic  Lippmann-Schvjinger 
formula.  Of  interest  in  this  connection  is  the  observation 
made  by  Jackson  et.  al.  (ref.  121),  that  the  various  three- 
dimensional  reductions  of  the  Bethe-Saloeter  equation  lead 
to  significantly  different  results  in  the  frame-v/ork  of 
the  OBE-restrictions .  However  if  higher  order  contribu¬ 
tions,  such  as  the  two  pion  exchange,  are  included,  the 
differences  between  the  various  choices  for  g  become 
much  less  important.  They  concluded  that  really  signifi¬ 
cant  is  on.ly  that  g  contains  positive  energy  projection 
operators.  The  reason  is  that  otherwise  the  cancellation 
between  the  large  negative  energy  contributions,  which  are 
present  in  the  box  and  crossed  diagram  for  ps-ps  cou¬ 
pling,  will  be  disturbed.  This  will  worsen  the  convergence 
of  (4)  . 

The  calculation  of  the  fourth  order  contributions 
is  not  a  simple  matter,  since  it  involves  a  four-dimensio¬ 
nal  numerical  integration,  but  double.  The  identity  of  the 
cut  structure  of  G  and  g  in  the  physical  region  causes 
cancellations  between  K^^gK^2)and  the  terms  K  and 
K  ^2)qj<;  U.)  .  Furthermore  ps-ps  coupling  was  used,  so  the  inte¬ 
grals  converge.  Partovi  and  Lomon  made  an  expansion  in  po¬ 
wers  of  I Q I  where  Q=ic+i?'  .  For  simplicity  in  the  trans- 
M  ' 

formation  to  the  coordinate  representation,  only  terms  of 
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first  order  in  were  retained.  One  can  not  expect  that 

M 

the  adiabatic  approximation  is  justified  in  the  inner  re¬ 
gion  of  the  interaction.  Therefore  their  consideration  was 
confined  to  the  range  outside  O.Bfm.  This  adiabatic  approx¬ 
imation  was  also  made  for  the  OBE-potentials .  So  a  poten¬ 
tial  of  the  VJigner-Eisenbud  form  is  obtained.  An  interest¬ 
ing  peculiarity  in  their  approach  is  that  the  mass  diffe¬ 
rences  betv7een  the  charged  -  and  neutral  pion  are  accounted 
for.  This  implies  that  charge  independence  does  not  hold 
for  their  model  (of  course  charge  symmetry  remains  to  be 
valid) .  Values  for  coupling  ’constants  and  meson  masses  are 
all  predetermined.  The  not  too  well  knov/n  coupling  con¬ 
stants  for  the  n  and  to-meson  are  estimated  on  the  basis 
of  SU(3)  and  predictions  from  Oakes  and  Sakurai  (ref. 122). 
No  attempt  was  made  to  calculate  phase’  parameters .  Instead 
they  compared  the  potential  for  r>0.8fm  with  other  known 
potentials.  A  reasonable  agreement  was  found  V7ith  the 
Hamada-Johnston  potential  except  for  the  spin-orbit  poten¬ 
tial.  This  is  not  surprising  as  no  quadratic  spin-orbit 
term  was  included.  To  exhibit  the  relative  importance  of 
the  TPE  (two  pion  exchange) -contribution ,  the  TPE  is  shown 
separately  from  the  total  potential.  It  turned  out  that 
TPE  is  a  major  contribution  except  for  the  tensor  forces 
which  are  largely  determined  by  the  OPE.  Another  interest¬ 
ing  observation  v/as  that  the  TPE-potential  does  not  resem¬ 
ble  an  iso-scalar  scalar  exchange  in  the  central  and  spin- 
orbit  potentials,  although  it  does  for  the  tensor  and 
spin-spin  parts.  This  fact  is  considered  as  an  indication 
for  the  need  of  employing  iso-vector  scalar  mesons  in  OBE- 
models.  The  size  of  the  TPE-contribution  clarifies  the  often 
used  unreasonable  large  values  for  the  coupling  constants 
of  the  0  and  w-mesons  in  the  OBE-models.  Figures  31  and 
32  show  the  central  -  and  tensor  potentials  of  the  complete 
potential  and  the  TPE-contribution  to  it.  In  the  Partovi- 
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Lomon  model  no  nucleon  iso-bars  are  included,  although  in 
their  paper  the  necessary  formalism  to  this  end  is  devel¬ 
oped.  A  problem  in  their  model  may  be  due  to  double  coun¬ 
ting  as  both  the  uncorrelated  tv/o  pion  exchange  and  the 
p -meson  are  included.  The  p  is  a  wide  resonance  of  the 
27T-system.  The  justification  that  the  authors  give  is  that 
the  mass  of  this  resonance  is  rather  high,  so  that  it  is 
well-separated  from  the  two  pion  continuum. 
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tensor  potential  in 
the  Partovi-Lomon 
model  and  the  TPE- 
contribution  to  it 


fi2ure_32  : 


-I.TSl- 


The  iso-triplet  potentials  are  actually  the  T  =±1  components. 

3 


3)  The  Iso-Scalar  Scalar 


In  the  n .M. Partovi-Lomon  potential  the  ps-ps  cou¬ 
pling  was  used  for  the  pion-nucleon  interaction.  The  most 
important  reason  for  doing  so,  is  that  it  allows  conven¬ 
ient  calculations.  The  integrals  for  the  box  and  crossed 
diagram.s  are  convergent  and  the  theory  is  renormali table . 
However^ as  we  discussed  in  the  beginning  of  this 
chapter^  the  ps-ps  coupling  theory  predicts  much  too  large 
pion-nucleon  scattering  lengths  in  the  lowest  order. 

A  way  out  is  the  use  of  a  ps-ps  coupling  theory, 
but  added  to  ,it  a  pair  suppression  mechanism.  This  atti¬ 
tude  was  taken  by  F.Partovi  and  Lomon  (ref.  133).  They 
considered  the  H.M. Partovi-Lomon  potential  (ref.  96)  and 
included  an  iso-scalar  scalar  a  to  provide  the  pair  sup¬ 
pression.  The  a  was  introduced  originally  by  Schwinger 
(ref.  134)  in  connection  with  axial  vector  currents  and 
chiral  symmetry.  Gell-mann  and  Levy  (ref.  135)  used  chiral 
symmetry  arguments  to  show  that  by  introducing  the  o  , 
cancellations  can  occur  between  the  various  terms  in  the 
pion-nucleon  scattering  length,  so  that  the  required  small 
value  is  obtained.  More  details  on  the  so  called  a~model 
can  be  found  in  the  references  136  and  137.  Lomon  and  Par- 
tovi  considered  the  following  diagrams  : 
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•  diagrams,  included  in  the  F . Partovi-Lomon  model 

The  contributions  of  the  diagrams  a,  b,  c  and  d  were  cal¬ 
culated  by  adding  these  to  the  kernel  of  the  modified 
Bethe-Salpeter  equation.  The  effects  of  the  bubble  diagrams 
such  as  e,  f,  g  and  h,  is  to  change  the  a-propagator  from 
that  of  a  stable  particle  to  that  of  an  unstable  particle 
with  mass  and  width  .  The  diagrams  i  and  j  can  be 

interpreted  as  vertex  corrections  to  the  one  pion  exchange, 
their  dominant  effect  is  included  by  applying  a  coupling- 
constant  renormalization. 

The  coupling  constants  g  and  g  can  be  relat- 

ed  to  the  a-mass  and  a-v^idth  by  equations  that  follow 

from  the  chiral  invariance  and  soft  pion  dynamics.  These 

considerations  also  lead  to  the  relation  m  =m  =765  MeV. . 

a  p 

Cancellations  with  the  pair  contributions  to  the  potential 
were  obtained  by  choosing  r  =610  MeV. .  This  cancellation 
is  illustrated  for  the  central  potential  in  figure  34  on  the 
next  page.  The  pair  contributions  to  the  potential  shov/n 
in  this  figure,  are  calculated  by  Klein  (ref.  138),  v/ho 
used  a  Tamm-Dancoff  formalism.  Partovi  and  Lomon  concluded 
that  the  inclusion  of  the  a  decreased  the  differences 
with  the  Hamada-Johnston  potential.  The  results  are  shown 
in  figure  35,  page  163  /  for  the  central  potential. 

This  approach  is^ however^ not  very  satisfactory,  as 
the  a  is  introduced  in  a  rather  ad-hoc  fashion.  There  is 
no  experimental  evidence  for  an  iso— scalar  scalar  of  the 
assumed  mass  and  width. 


,  0 


.It 


Mi? 

4^  ■ 


■  I 


.  f. 


;  ’ ''  ■  A  ■ 


4'  ;  ■’ 

i  . 


5  »♦' 

,<f 


•  •  ^  ‘  ■  vt 

•  i’S\i  ■;  i 

r  v^-,  ;  !  ■< 


I'. 


!';>  i -4“  •-. 

*  >  j"i-..  ■  -I 

-  ..  .  •  V'J^; 

^  i.  ''X 


.s.\» 


Ml  1 


B1 


"Vi'tW-  -r-v  !  ,  *  *  '1 


i 


/■  ij 


'*  •  . 


u: 


1' 


/  1 


■*.  ‘  'V 


f 

f»i 


■f  -■ 


.'^r  •r'r:i*';i-’ -SX' r  ^  •  •  “  ' » 

f  .  n  -  *  •» 


•  y‘ 

‘  »? 


i 


-i:•tit^  '  *-<■  -  IB'.vSV' d^fnt  •. *:4' *.  _ 

f.  ;%::  iS>U  v. •>;:  -"•  Y'^ 


i 


It'Al 


oio 


■J  r  :;,  f 


M  ®^fi/4in  rt^iV,  ’’i" 


- '•-^j.  UM .  t  wsiW*  IM«||  .,  ,>  «  ‘  •■s'-i  .  , 

r»  .  '  •  '. 

iTpx  4-:.:5:-n 


?!■*■ 


wc»  1 1  qA  '  ^  vrt.5  V  ‘•'  :  ^  '''* 

.  ,  ‘iM  'i^‘  >A  ♦  <•••■  ».■  * '•^^"  '■**  *  ;.•  i  f 


*•  'V 

s-s 


■5 


f.l  .•  :  tkf,  s-3  '  ..,  ifl 


•  ^ 

\fn  J<r 


■  l(r  .“fit '^C  , .  --iii^fr  ''■■■', 

^  '  ‘  fw,  .  1  2^::.  & 

^4  !:  (-?>  WffeT^lt*£Xi  6»r 

,,  t "  '  15  i  :?>< 

V  »  «■•  ^  4l't»  ^  I  •  •  ■■■ 


u 


j,  V*- ■-  -j-  '*  “*^|>  v«tj*  1  '/  '' '^ .*:  '  !' 


x:  !'|  .*^r!3i5^4  «d.t  \C»1>  WT€2^i. 

*  .  ■  ^  .■  :,  ,  , 


%&  ^  “1  '  jK*:  t>e  j-:  r  ^ 


^  t‘ V  it.AcAA>  s  nX  el  »‘ 


4  » 


■f,|  -L..‘. .-  lie.  Y«*fc  -’75  ,a# '^pl' oc^x^*  , 

’*  ,  \’L,-  tta**j7T  li^sl^nAfl  '  ♦' 


>/ 


TiaA3/r  tii^anA  ',♦' 


163 


164 


An  interesting  observation  in  this  respect  was  made 
by  Chew  et.  al.  (ref.  123)  in  their  classical  article  on 
dispersion  relations  for  pion-nucleon  scattering.  It  was 
well-known  that  the  S-wave  scattering  lengths  are  badly 
overestimated  in  a  model  consisting  of  a  N-pole  term  only. 
Chew  et.  al.  noticed  that  a  zero-width  A  (1236 ) pole  in 
the  dispersion  relations  has  an  effect  of  the  same  order 
of  magnitude  as  the  effect  of  the  N-pole  term  and  tends 
to  cancel  it,  as  required.  It  is  therefore  tempting  to 
attribute  the  role  of  pair  suppression  to  the  nucleon  iso¬ 
bars,  instead  of  to  the  more  or  less  fictitious  a  .  All 
realistic  OBE-models  include  the  exchange  of  the  a  .  It 
would  surely  be  interesting  to  study  to  what  extent  the 
introduction  of  the  A  (1236)  in  the  formalism  can  replace 
the  a  .  An  attempt  in  this  direction  vjas  made  by  Green 
and  Haapakoski  (ref.  139) .  However  their  study  concerned 
the  partial  wave  only.  Another  restriction  was  that 

just  the  elastic  NN  and  the  inelastic  NA-channel  were 
considered,  thereby  neglecting  contributions  from  the  AA- 
channel . 

A  futher  simplification  was  that  the  potential  in 
the  NA-channel  was  taken  to  be  the  same  as  the  NN-channel 
potential.  For  the  diagonal  and  transition  potentials 
forms  were  chosen,  suggested  by  the  tt  ,  n  ,  u  and  p~ 
exchange,  in  which  two  free  parameters  were  introduced.  It 
appeared  possible  to  obtain  a  reasonable  fit  to  the 
phase-shift.  This  was  achieved  without  introducing  a  a-me- 
son.  The  calculations  of  Green  and  Haapakoski  were  extended 
by  Smith  and  Pandharipande  (ref.  140)  to  phase-shifts  for 
L<2  .  They  studied  the  effects  of  the  diagrams  shov/n  in  fi¬ 
gure  36,  for  the  special  case  where  all  external  nucleons 
are  at  rest  (see  next  page) . 


*)  In  more  recent  tables  one  denotes  this  iso  bar  as 
A (1232)  . 
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I  diagrams,  included 
in  the  model  of  Smith 
and  Pandharipande 
(ref.  140) 


figure_37  : 

results  for  the  phase- 

shift  using  various^combinations 
of  the  channel  NN  ,  NA  ,  A A 


Non-relativistic  approximations  were  used  and  the  short 
range  repulsion  was  described  phenomenologically.  Figure  37 
shows  their  results  for  the  vari.ous  combinations  of  the 
channels  NN  ,  NA'  and  AA  .  One  notices  that  the  intro¬ 
duction  of  NA  and  AA  gives  an  extra  attraction  and 
that  the  effects  of  the  AA-channel,  although  smaller  than 
the  effects  of  the  NA~channel,  are  significant.  A  problem 
in  the  model  was  that  the  D-state  phase-shifts  were  pre¬ 
dicted  too  attractive.  In  view  of  the  non-relativistic  ap¬ 
proximations  and  the  phenomenological  description  of  the 
repulsion,  one  can  not  attribute  too  m.uch  weight  to  their 
results.  Holinde  and  Machleidt  (ref. 141)  calculated  a  mo¬ 
mentum  space  nucleon-nucleon  potential  in  the  OBE-f rame**work  in 
which  the  intermediate  range  attraction,  resulting  from  the 
inelastic  NA  and  AA-channels,  v/ere  incorporated.  No  non- 
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relativistic  restriction  was  made.  Their  approach  however 
also  contained  a  few  simplifying  assumptions,  which  we  il¬ 
lustrate  by  considering  the  coupled  channel  Lippmann- 
Schwinger  equations  in  terms  of  the  K~operator.  Using  the 
symbolic  notation  of  Holinde  and  Machleidt  (ref.  141) , 
these  can  be  written  as  : 

+  Z  (7) 

a  a  Y  Y  Y  a 

The  parameters  a  ,  3  and  y  denote  the  channels,  and 
is  the  propagator  for  the  channel  y  •  The  subscript  and 
superscripts  denote  the  incoming  -  and  outgoing  state  res¬ 
pectively.  Holinde  and  Machleidt  assume  firstly  that  the 
transitions  between  the  NA  and  AA-channels  may  be  ne¬ 
glected  if  we  are  interested  in  the  NN-channel  only,  and 
secondly  they  neglect  the  interactions  in  the  NA  -  and 
AA-channels.  These  approximations  imply  respectively  : 


v2  =  v3  =  0 

3  2 

V2  =  =  0 

2  3 


(8a) 

(8b) 


V7here  we  denote  by  i  ,  2  and  3  respectively  the  chan¬ 
nels  NN  ,  NA  and  AA.  The  transition  potentials  are  iter¬ 
ated  to  second  order.  From  (8a)  and  (8b)  follows  : 


+  v'^  G^  where  6£{2,3}  (9) 

1  1  111 


Substitution  of  (9)  in  (7)  for  the  NN-channel  under  the 
conditions  (8a)  and  (8b)  gives  the  convenient  expression  : 


=  V 


ef  f 


+  V 


ef  f 


G^ 

1 


Ki 

1 


1 


(10a) 


•7  ' 


a  "y •  ^  f.  ^  *»  •''>'  •  .liT  '«  fto  i  ^4:  tiJarffi 

*  I  •  .  *. 

*  i  "  •  ''  '*  ^  *  *  "  <1  ♦  '  *  •"*■  %l,  '*  'W'*  '  ' 

*  ^Mt%M  >tJ,  a  i.‘'ii^  t‘  5*t5-  ;»fti;tt©i>i.’3;'^'0-l  V'4 

..  ^  ,  r.,;..  V.  J  '  f..- r'- r  •‘"'  :H*  ’«-’r  +  f- ’*  »''*r‘-?'i'tj‘' 


/ 


-  IS 


\r 


<1 »  n '- J  Ji  3t^  ocJ  ft ♦-!  > 


r^^AlV 


^’v  1 


,  i>.  .  - '  i-, , 

I 

'  4'  ^! 


’  t- 


**;i  '  rr  ’’ .r-  %  3  ♦:‘Vl 

*  •  W 


/^j 


fwtt  ,  al 


v’» 


*  M 


■-  \  ■  *I 
^  v  X-'l 


i  f:(i*  t: 

)b(^S  5V:^Jt^tJUI  '*  '  f'  >’4 -■A.j'  ■;  ;?3 .'?f,  \ 

*  i  .  «  ■  *1  •  - 


ir»V%*.-'yv  di'  - 


.  Xv  5 1 

,  '■  •''  ' . ■•'*’  ‘ 

I  ■*  X^.'>  "  1}'  ^  ^  r**^; 

h  I  .  .  ■.  .  or^va3^^^n*  .  t 

V  ;•  .r'.'i^’ji  :? 


■' ■  ^  .  ..  ;4  i  -fj'.  •  '  kS 

.  ...  _;  ■,„^  ,e 

,  'i,.-.;  fj.  ■>  ■  ^  (i/-"'iv'J<^  ' 

•  ~  '-4-  *  ‘  ^  -rf  I  -‘I  .  -i'  C  •  ■  ,, 


•4:  .  ■  “  ■* 

i 


■  i"  ■  •"'' 
‘  ■-'  <!•  ’  *1  *? 

-■  J  ‘ 


'■j-  # 


L- 


.  '  ■  «il! 


»  i  .  ■ 

*  r  '■■ .  I 

i'y*; ' 


5fi' 

4'  f?’ "  f^';-  ••  p'^/ 

».  -V  v^|-  --f 


I 


'* 


^:/,,  V  ■' 

‘  t  .  <‘  ’  ■ ,  U'  ■  .- 

"*  ^  i 

‘a4y.liiei.jr'  *?  ..  •  .‘t  '•  '*•  vr-'^  ir^  'i-  0'^“^  ■■^■- ‘^1 

■•■'  *  :■  J S> 

.  ..  S>  . . 

^  .  •  ••  •  .i 

4 

•’-«).4  j' 


4l» 


i'  •* 


■.  •  *■» 


,♦ .» 


.  i;- 


;  i  r  •• 


k  ■  r 


> , .  ■»?  '  W  ■■  *•.  ■'  ■‘‘  ■• 

..  ‘  ■•.-  .-v  W~  iSr,  ■ 


V  f  •  » 


t  *• 


J  -  -7^ 

>>•  «  JW  ■  -*■ 


-4 


.--  ".;.  ..-Jo*  .  l.,»r..,.-4»-tiffl  -cC,.-  ts;  !%,'  .'li.'tn-.-Ji.i 

'j»;\  i^vr:  >#«  ^‘?.;(lvO  <1  ;!*>?  ft  5ft?  .‘^V  L t?  > 


•*4 


f  .t.A 


ar  ■«. 

I  ’  t 


.'Vt 
f  V 


Ui* 


?  n  'ii 


J 


y®' 


V'X.r. -■  -"  .  - 


#  W  <4 


I'T.?!'* i ,'  V 


,  'i^v  w 


'  I 


/j'4 


•  k.  k 


t _ ^ 


167 


where  : 

v2  +  V3  (lOb) 

1  2  2  1  3  3  1 

The  entire  contribution  of  the  A  in  this  approach  is  in¬ 
cluded  in  the  effective  potential  ^gff  •  this  proce¬ 
dure  they  only  considered  the  effect  of  the  A  for  the 
iterated  pion  exchange.  The  transition  potentials  and 

are  determined  from  the  ttNA  coupling  Lagrangian  : 

f  * 

=  /?n  ~  ?T'i''^9  $  +  h.c.  (11) 

-tTNA  mu 

IT 

Y  and  $  denote,  as  usual,  the  nucleon  and  pion  fields. 

denotes  the  field  operator  for  the  A  .  T  is  the  iso¬ 
spin  operator.  Futhermore  a  dipole  type  cut-off  factor  was 
introduced.  Explicit  derivations  and  expressions  of  the 
transition  potentials  are  given  in  references  141  and 
142.  Phase-shifts  were  calculated,  using  the  contributions 

from  their  OBE-model  (ref.  131) .  in  the  equations 

1 

(10a)  and  (10b)  was  simply  put  equal  to  the  OBE-potential . 

The  calculated  phase-shifts  appeared  very  sensitive  to  the 

value  of  the  cut-off  mass.  Figures  38,  39  and  40  on  page 

168  and  169  , illustrate  their  results  for  the 

and  phase-shifts.  These  graphs  show  the  results  of 

1 

the  OBE-model,  including  the  potential  due  to  the  a-ex- 

change,  the  results  if  the  a-exchange  contribution  is  left 

out,  and  the  results  if  instead  of  the  a-exchange  the  A- 

effects  are  added.  Three  values  for  the  cut-off  mass  A 

were  considered.  One  notices  that  'for  the  phase-shift 

the  A-contribution  nearly  replaces  the  contribution  from 

the  a  ,  for  A=850  MeV. .  However  for  the  partial  wave 

2 

this  choice  gives  too  much  attraction.  This  result  holds  for 
all  higher  partial  waves,  for  which  the  total  iso-spin  T=l. 
It  is  interesting  that  for  the  T=0'  phase-shifts  the 
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attraction  is  much  weaker,  as  is  illustrated  in  figure  40 
for  the  phase-shift.  The  interpretation  of  this  re¬ 

sult  is  simple  as  the  MA-channel  does  not  contribute  in 
that  case.  From  figure  40  one  observes  that  the  effects  of 
the  AA-channel  are  important,  especially  for  large  values 
of  the  energy,  which  indicates  that  the  attraction  from 
the  AA-channel  is  short  ranged.  These  results  show  that 
in  order  to  obtain  a  good  fit  to  the  data,  some  contribu¬ 
tion  of  the  a  is  necessary.  This  is  not  really  a  surprise 
as  the  iterated  OPE-potential  does  include  effects  of  the 
box  diagrams,  but  not  of  the  crossed  diagrams  with  inter¬ 
mediate  A-states.  After  establishing  the  qualitative  ef¬ 
fects  of  the  A  ,  Holinde  and  Machleidt  made  quantitative 
fits  vjith  the  model  to  the  data  for  three  values  of  A  . 

The  values  for  the  coupling  constants  that  were  found,  de¬ 
pend  critically  on  the  value  for  the  cut-off  mass,  and  are 
therefore  not  very  interesting.  It  is  significant  however 
that  the  optimum  value  for  the  a-mass  turned  out  to  be  700MeV. 
which  is  200  MeV.  larger  than  one  finds  without  the  A  . 

This  indicates  that  especially  the  short  range  attraction 
is  not  well-described  by  the  A~effects.  It  should  be 
mentioned  that  the  introduction  of  the  A  appeared 
to  give  important  effects  in  many-body  calculations,  that 
can  not  be  accounted  for  by  the  a  (ref.  139  and  141) . 
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Phase-shifts  for  the  (fig.  38)  ,  (fig.  39)  and 

(fig.  40)  v/aves.  The  dashed  curve  shows  the  results 
of  t?ie  OBE-model  (ref.  131)  .  For  the  dotted  curve  the 
a-contrilDUtion  is  left  out  from  this  OBE-model.  The  solid 
curves  show  the  results  when  the  a-contribution  is  re¬ 
placed  by  the  '  NA  interaction  for  different  values  of 
the  cut-off  mass.  Empirical  values  are  taken  from  the 
Livermore  analysis  (ref.  98). 
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4 )  Two  Pion  Exchange  :  Dispersion  Relations 

A  number  of  authors  feels  that  the  dispersion  rela¬ 
tion  technique  offers  the  more  appropriate  formalism  to 
include  the  effects  of  nucleon  iso-bars  and  interac¬ 

tions,  Especially  the  effects  of  large  width  resonances  in 
the  ■f-TT  system  are  incorporated  in  a  natural  way  in  the 
dispersion  relation  approach .  Furthermore  the  problems  in¬ 
herent  to  the  use  of  fourth  order  TPE-calculations  are  cir¬ 
cumvented  in  the  dispersion  relation  approach  .  In  it  in¬ 
dependent  empirical  information,  concerning  and 

7nT->NN  scattering  processes,  is  used  to  determine  the  TPE- 
effect.  In  the  literature  at  least  three  procedures  can  be 
found  in  which  dispersion  relation  techniques  are  developed 
for  applications  to  the  2 ir-exchange  effects  in  N-N  in¬ 
teractions:  by  Goldberger  et.  al.  (ref.  103),  the  Japanese 
School  of  Furuichi  and  collaborators  (ref. 52),  and  by 
Amati,  Leader  and  Vitale  (ref.  130).  The  formulation  by 
Amati  et.  al.  probably  enjoys  most  popularity.  In  1971 
Chemtob  et.  al.  (ref.  109)  proposed  a  hybrid  formulation 
in  which  a  potential  model  is  obtained.  The  approach  is 
based  on  the  Blanckenbecler-Sugar  equation.  The  one  meson 
exchange  contributions  are  calculated  using  the  Lagrangian 
formalism,  but  the  two  pion  exchange  effect  is 
determined  using  the  dispersion  relation  formalism  of 
Amati  et.  al..  Thereby  some  errors  made  by  these  authors, 
were  corrected.  In  their  model,  besides  the  one  —  and  two 
pion  exchanges,  the  n  the  w  are  included.  Both  n 

and  oj  are  narrovz  three  pion  exchange  resonances  and 
can  be  put  in  as  elem.entary  exchanges. 

We  shall  briefly  review  their  method  and  the  results  that 
are  obtained  with  it. 

In  order  to  make  convenient  comparisons  with  the 
literature  possible,  in  the  following  we  shall  use  the 
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conventions  concerning  normalization  of  Amati  et.  al.  and 
Chemtob  et.  al..  The  causal  amplitude  A  can  be  written 
as  a  linear  combination  of  a  set  of  relativistically  in¬ 
variant  operators,  whose  coefficients  are  scalar  functions 
of  the  Mandelstam  variables.  A  frequently  used  set  of  in¬ 
variants  is  : 

P  =  I  I  ;  P  E{iY.PI  +  I  iy.N) 

112  2  12  12 

(12) 

P  5(iY.P)(iY.N)  ;  P  ^  y  .  y  ;  P  Ey^y^ 

3  1  2  4  1  2  5  1  2 


where  N  =  (k  +k')  and  P  =  4  (k  +k') 

Z  1  1  Zoo 


k,  t 


W  I'i  s-c?iannel 


The  causal  amplitude  is  an  operator  in  the  isotopic 
spin  space  also.  We  can  therefore  write  it  as  a  linear  combi¬ 
nation  of  and  I_  .  denotes  the  total  isotopic 

spin  of  the  nucleon-antinucleon  system,  in  the  t-channel. 

(The  reason  for  our  interest  in  the  t-channel  is  that  the 
NN->NN  scattering  can  be  related  to  scattering  by 

crossing  )  . 


(13a) 
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(13b) 


A(s,t,u)  can  be  expanded  as  : 
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A  ( s  ,  t ,  u ) 


Z5 

3 


=  1 


Pj (s ,t ,u) 


(14) 


We  consider  the  behaviour  of  the  coefficients 

pj’(s,t,u)  under  the  transformation  k  ,  which  cor- 

J  2  2 

responds  to  .  The  effect  of  I.  on  the  transforma- 

1 

tion  is  most  easily  seen  by  writing  its  matrix  elements 
for  the  t~channel  scattering.  and  I_  project  out  respec¬ 
tively  states  which  are  symmetric  and  antisymmetric  in  the 
particle  labels.  So  : 

<k  -k'll^lk'-k  >  =+<k  -k'|l^|-k  k'>  (15) 

1  1  ±  2  2  1  1  -  2  2 


The  transformation  properties  of  the  kinematic  invariants 
are  slightly  more  involved.  An  explicit  treatment  is  gi¬ 
ven  in  the  Amati  et.  al .  paper.  The  result  is  : 


<k  -k'|p-!k'-k  >  =  (-l)^<k  -k 


1  1 


M  p  . 

1  J 


•k  k'  > 
2  2 


(16) 


From  (14)  -  (16)  it  follows  that  : 


pt (s,t,u)  =  +  (-) ^  Pj (u,t,s)  (17) 

The  transformation  s-^u  is  of  interest  because  it  trans¬ 
forms  the  box  and  crossed  diagrams  into  each  other.  This  . 
is  illustrated  in  figure  42. 


figure  42  :  the  transformation  s^u  of  the  box  diagram. 
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By  calculation  of  the  box  diagram  one  can  show  that 
the  coefficients  of  the  invariant  functions  have  the  form 
(ref.  130)  : 


(s , t ,u) 


-  CO  CO 

TT  /  dt '  /  ds '  (s',  t')  {  (t '  -  t-ie  )  (s  '  -s-ie  )  } 

(2m) 2  (2M)2  3 


(18) 

Consequently  the  sum  of  box  and  crossed  diagrams  becomes: 


+ 


Pj (s ,t ,u) 


1 

n 


/  dt'  (p  .  (s,t'') :?(-!)  .  (u,t*)  (f  -t-ie  ) 

(2m) 2  3  3 


-1 


(19) 


whe  re  : 


P  t  (x,t) 

J 


/  dx' 
(2M)  2 


Gj  (xVt)  (x'-x-ic  )  ^ 


X  c  {  s  ,  u } 


(20) 


We  shall  assume  that  the  relation  (19)  also  applies 
if  pion-pion  correlations  and  pion-nucleon  rescattering  . 
effects  are  taken  into  account.  The  coefficients  of  the 
kinematic  invariants  do  not  satisfy  a  Mandelstcim  represen¬ 
tation;  this  is  due  to  the  crossing  behaviour  of  the  kine¬ 
matic  invariants,  which  introduces  kinematical  singulari¬ 
ties  (ref.  130).  Therefore  Amati  et.  al.  use  a  modified 
set  of  relativistically  invariant  operators . The  coefficients 
of  the  amplitudes  with  respect  to  this  set  can  be  v/ritten 

as  a  sum  of  pT(s,t,u)  multiplied  by  kinematical  factors. 

3  -f 

The  spectral  functions  o  ^ .  can  be  related  to  the 
ttit-^NN  and  the  processes  as  illustrated  in 

figure  43.  j--  a -o 

NN->7nT  relation  between 

NN-^NN  ,  ttN-^ttN  and 
i;  tt->NN 
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The  Mandelstam  variables  for  the  process  are  : 


s  =  - (k  ~q) 2 
1  1 

t  -  -(k  -k’  )  2  =  t  (21) 

1  1  1 

u  =  -  (k  -a  ’  )  ^ 

1  -  1  ■* 

We  briefly  mention  some  relevant  features  of  tt-M 

scattering.  There  are  two  possible  values  for  the  total 

1  3 

iso-spin  quantum  number,  namely  and  —  .  Therefore  if  one 
assumes  charge  independence,  one  can  distinguish  two  scat¬ 
tering  amplitudes  T  ,  where  the  T  refers  to  the  total 

3  ~  "^1 

iso-spin  ^  ,  and  T_  to  the  total  iso-spin  J  .  Due  to  the 

nucleon  spin  a  futher  distinction  between  tv70  amplitudes 

can  be  made.  The  most  general  form,  given  first  by  Chew 

et.  al.  (ref.  123) ,  is  : 


T  (s  ,t,u  )  =iA,(s  ,t,u  )  -  i  y^Q,,'B+ ) 


(22) 


where  Q='j(q'"q)  and  and  scalar  functions  of 

s  ,t  and  u 
1  1 

The  crossing  implies  q^-q  and  n->ji  .  One  defines 

and  J'*=y(0.:-0.  )  "^ich  have  the  convenient 
2  -  +  .  ^  ‘  crossing  behaviour  : 

vA:."  (s  ,t,u  )  ~  ±>^(u  ,t,s  ) 

^  ^  ^  ^  ^  ^  (23) 

j3“  (s  ,t,u  )  =  7^' (u  ,t,s  ) 

11  11- 

Dispersion  relations  for  the  am.plitudes  ^  and  2)"'  for 
a  fixed  value  of  t  were  given  first  by  Chev;  et.  al. 

(ref.  123) .  The  signs  that  appear  in  these,  follow  from 
equations  (23)  : 
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i^”‘(s  ,t,u  ) 
1  1 


n 


/ 

(M+m) 


ds  '  (s  '  ,  t)  [  (s  ’ -s  -ie  )  ^  ± 
2  1^1  11 

±  ( s  ‘  -  u  -  ie  )  ^  ] 

1  1 


(24a) 


^“(s  ,t,u  ) 
1  1 


-  ^2 


M^-s  M^-u 


-]  +  ^  /  ds '  (s  ’  ,  t)  . 

■s  M^-u  (M+ra)  ^  ^  ^ 

1  1 

.  [(s'-s  ”ie  )  ^  +  (s'-u  -ie  )  (24b) 

11  11 


These  dispersion  relations  are  valid  only  if  the  spectral 
functions  drop  fast  enough  for  large  values  of  s^.  This 
condition  is  in  fact  not  satisfied,  and  subtractions  should 
be  made.  This  question  is  not  very  important  for  our  dis¬ 
cussion.  Details  are  given  in  reference  4.  The  pole  terms 
represent  the  intermediate  nucleon  state.  From  the  details 
of  the  spin  structure  of  (22) ,  one  can  show  that  these 
arise  only  in  the  dispersion  relation  for  %  .  A  discussion 
of  this  is  given  in  reference  62. 

The  relation  of  T^  with  the  nucleon-nucleon  scat¬ 
tering  amplitude  A  is  found  by  generalizing  the 
spinless  result  (112)  of  chapter  II.  Using  the  normaliza¬ 
tions  of  Amati  et.  al.,  one  finds  : 

<NN|lmAlNN>  =  - ^ - S  <NN  1  T  I  ttttxtttt  1  T  I  ]S!N>  (25) 


where  S  denotes  the  summation  (integration)  over  all 

TT  IT 

intermediate  two  pion  states  and  : 

<„^.g|T|NN>  =  '26) 

t"*"  and  T~  denote  the  amplitudes  with  definite  total  iso 
-spin  0  and  1  respectively  in  the  t-channel.  a_  and 
3  denote  the  iso-spin  indices  of  both  pions.  Substitution 
of  (26)  into  (25)  yields  af^^^  ^  few  steps  : 

<NNllmA|NN>  =  3  < NN  I  ImA*'’ I  NN >  +  2<NN|lmA  t  .t 
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V7here  a"^  and  A  are  amplitudes  with  a  definite  total 
iso-spin  0  and  1  in  the  t-channel  (ref.  125) . 

The  relations  (14),  (19),  (21)  and  (25)  -  (27)  en¬ 

able  one  to  write  the  spectral  functions  o “  in  terms  of 
the  amplitudes  and  .  The  resulting  expressions 

are  integral  equations  over  the  intermediate  pion  momenta. 
Explicit  expressions  of  these  and  their  solution  can  be 
found  in  the  textbook  of  Brown  and  Jackson  (ref.  4).  This 
formalism  enables  one  to  use  Tnr-^NN  and  ttN-^ttN  data  in 
establishing  the  two  pion  exchange  effect  in  the  nucleon- 
nucleon  interaction.  Experimentally  much  more  is  known 
about  the  pion-nucleon  scattering  process  than  about  the 
7T7t->NN  process.  A  problem  connected  with  the  use  of  pion- 
nucleon  data  is  that  the  calculations  of  the  invariant 
functions  Pj(s,t,vi)  require  knowledge  of  the  spectral 
function  p  ^  for  t^4ra2  .  However  the  physical  region  for 
pion-nucleon  scattering  is  t^O  .  Therefore  to  use  pion- 
nucleon  data,  one  has  to  make  an  extrapolation  to  t^4m^  . 
This  is  done  by  expanding  the  spectral  functions  a“  and 
of  (24a)  and  (24b)  in  Legendre  polynomials.  The  rele- 
vant  angle  in  this  expansion  is  given  by  : 


COS(|)  =  1  + 


t 


(28) 


2q- 


(J)  and  q  are  the  scattering  angle  and  3-momentum  magnitude 
respectively  in  the  cm-system.  for  scattering  (ref. 

4)  .  From  (28)  it  is  clear  that  the  Legendre  polynomial 

expansion  is  essentially  an  expansion  in  powers  of  t  .  If 
the  spectral  functions  and  Og  depend  only  weakly  on 

t  ,  one  may  hope  that  the  extrapolation  to  is  al¬ 

lowed.  There  are  strong  correlations  between  the  pions  in 
the  s  -  and  p -states.  Therefore  for  these  partial  waves, 
one  can  not  expect  that  the  extrapolation  is  justified. 


3 


>  x. 


■  n 


4  , 


'  I*  '  '  '’’Z 

^  A  ■ '  rf.  ^  i  'V 


■  A.yj!f.ii  ^  ^  ^  vf.  4->--  ■s-v*.v-'^-_‘''^rv ',;^V  •’r-^.’v'' ■?>*■' 

-,-.4  Vv'^i'  B-’-®’  '''-■"  .i'';f(  '’'.'^'>r): 

-  .,  -.t. '■  *  .  .  :  ^.  ‘ ^¥;.kt‘5--ta  !lSo"i.t3tt 


'f  ’!' 


'‘wasB 

I  .  ‘ 


■'4 

.  i 


'v*'  *?  ■ 

• ' 


nt-  V'r 

#d  TVH»  ^ 


I-  j-  .  * 

'* 


v-i. 


'•y  ..i,  8«rfU:<'l:iq«»(»;.’-' 

.  .. 

-  "S  r  "'.w  '. 

k .  » ♦  tJ c ! ^ i  E* n i^3C 9X X 


.  1 


t  « 


.;  'iT  .  ■  1**^"'  ■  4-'  *’■''  ^.rUi>A 

*,A  I  ’■  '  'i'  ■  ■  r  .11  ■  .  »  j  i  !.■ 

LN  :  ..  .  1  ^  ^  ^  .Jm  >  a  K  M'k#  » j ^ 


- '.>;f-4.'rtt  .'  •  *’»»*!l|Pi!B."' "‘^  iitt^*.i':  Ldti)t^-, 

^-V'JktA  S4  '  ■  .  rai^-’slr  !%-.>♦ 

,r:r^  1  .or^' '  r  •■« -ia. 

4«/.v^-T  &fc»  ■  '  ■•■■-'■  ■•  3  A'J  .‘i  .‘'!«vsi5..-..'?n-*-BV- 

^  Ati^* 

.  i'  ii/  * ;4  -r  ^  t  <i?a  <  ;fj  b'fc-  ‘j'v,*?*  i\,'r 


'  «  ....  -  ,1 

i*  .A  -jjti  i>*  i  ••  .’.  Y 

2  -;  ■••'i  >^Hs  V  ,- 


M 

.  li^V 

r  J".' 

...'■-jv..^  'A‘  ' 

k  *«!•»’.  ■'•*<  *'  •  -V* 

t  ^'■. .  '■  ■  -■. 

T 

■f:  ^j’.  i 

■**  *> 

'•1  ■  '  ‘r  \  r^'-  th-- 

■  '» 

-F,  ■ 

•  1 1  ^1 

*  \?  • 

♦  \'  tl 

,  j  X  .'"f- 

.  h  .  . 


-H 


*  iUI  »*'  •  *  •  ^ 


■y- 


.n\ 


i 


'  '3® 

H 


J*  ♦ 


-  ’'•  'A'‘  fi.  '  '  ■■■''  '’ 

>v-  '  V  . 

-^  .;f  '.•• 


^  ..  .  —  T 

'  '  yi'-T  :./«l^j;i!y|jg''' 

-  >•  AT  -  f  .  fHViH 

- .  ■  ..  .  •  *1  ' .  •;»  ■ 


^  .  t-'T* 


d^_  jf./  -r  I  It  4  *-04lrr.^'4iCd  M  J3A' -nc* 


i  .',.  ^1  1  '.‘^  '  •'I  '“a 


•  rf, 


'1 


S. 'Jfti.l.  ..2r^>'>:»  '  <‘i’ ■  .  X>a^i  -  1 


i=* 


»  :'  *  'i' 


V’-'i 


177 


However  as  no  low  energy  pion-pion  resonances  are  known 
for  pion~pion  partial  waves  for  which  1.  52^one  mav  hope  that 
for  these  partial  waves  the  extrapolation  can  be  done. 
^Assuming  this  to  be  the  case,  Amati  et.  al.  (ref.  130) 
suggested  the  following  treatment  : 

Write  the  spectral  functions  p  T  as  the  sum  of  three  con¬ 
tributions  : 


+ 


d' 


+ 


b~  +  c“ 

j  j 


(29) 


where  d.  is  the  contribution  obtained  from  the  dispersion 

±  -f 

relations  (24a)  and  (24b) .  Assuming  that  a,  and 
are  analytic  in  the  complex  t~plane.  This  analyticity  con¬ 
dition  means  that  one  supposes  that  no  strong  pion-pion 
correlations  exist.  Of  course  this  is  certainly  not  justi- 
fied  for  the  s  ~  and  p-waves.  bT  represents  l:he  s  - 
and  p-wave  projections  of  di  which  should  be  subtracted. 
Cj  represents  the  total  contribution  of  the  pion-pion  s  - 
and  p-waves.  Information  of  these  contributions  can  be  ob¬ 
tained  from  the  helicity  amplitudes  f^  and  f|  for  the 
reaction  .  These  amplitudes  V7ere  introduced  first  by 

Frazer  and  Fulco  (ref.  125) .  The  subscript  +  denotes  the 
process  in  which  the  helicities  of  nucleon  and  antinucleon 
are  equal,  the  -  refers  to  opposite  helicities.  The  o 
and  1  denotes  the  s  -  and  p-wave  respectively.  As  a 
consequence  of  the  Pauli  principle  the  contribution  of  f® 
vanishes  (ref.  125).  Chemtob  et.  al.  (ref.  109)  give  expli¬ 
cit  expressions  of  cT  in  terms  of  f^  and  f|  .  In  the 
approach,  that  we  outlined,  the  TPE-contribution  is  entire- 
ly  determined  by  the  quantities  a^,ag  and  ^+'^1  • 


Chemtob  et.  al.  define  a  TPE-potential  by  observing 


that 


A  =  +  2p: 


(30) 
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(this  follows  from  (27)  )  ,  v/hich  suggests  a  similar  expan¬ 
sion  of  U  : 


U Ov"^  +  2v“ 
D=1  D  3 


-> 

T 

1 


T  }P  . 
2  3 


(31) 


Analogous  to  relation  6,  one  may  equate 


111 
V  .  =  p  .  -  r  . 
3  3  3 


(32) 


where  r .  denotes  the  contribution  from  the  iterated  one 

pion  exchange.  They  show  that  for  r.  a  similar  spectral 
,  i  ^ 

representation  as  for  holds.  The  spectral  function  in 

this  expression  is  calculated.  This  calculation  is  in  much 

detail  repeated  in  the  textbook  of  Brov7n  and  Jackson  (ref.  4) 

Chemtob  et.  al.  considered  a  model  that  includes 

the  one  and  two  pion  exchange,  the  co  and  the  n-rneson. 

i  -1  i 

The  spectral  functions  and  v/ere  approxi¬ 

mated  by  the  contributions  of  the  three  lightest  nucleon 
iso-bars  A  (1236)  ,  N(1470)  and  N(1520)  ,  V7hich  were 

treated  as  stable  particles.  Then  the  spectral  functions 
have  the  form  of  a  sum  of  6-functions  : 


a,  (s  , t) 
A  1 


+ 


=  S  . 
1 


a^(s  ,t) 
b  1 


4.  't) 
1 

4. 

1 


*  2 

6 (s  -M.  ) 
1  1 


(33) 


In  (33)  i  denotes  the  nucleon  iso-bar  and  its 

mass.  The  t-dependence  of  the  residues  is  at  most  linear 
for  the  spin--  resonances  A  (1236)  and  N(1520)  .  For  the 

spin-i  iso-bar  N(1470),  no  t-dependence  is  allowed. 

Experimentally  the  helicity  amplitude  f°  was  not 
too  well-known.  Several  descriptions  were  used  by  various 
authors,  which  did  not  always  agree  (ref.  126)  .  It  is 
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interesting  that  recently^  progress  in  this  respect  seems 
to  be  made  (ref.  127)  by  using  more  sophisticated  methods 
of  analytic  continuation  from  pion~nucleon  and  pion- 
pion  scattering  amplitudes.  Chemtob  et.  al.  used  a  form 
essentially  based  on  soft  pion  arguments.  More  knowledge 
is  available  about  the  amplitudes,  because  addition¬ 

al  information. is  provided  by  the  iso-vector  form  factors 
of  the  nucleons  (ref.  126) .  Different  methods  of  determi¬ 
ning  f|  yield  similar  results.  The  o -resonance  was  in¬ 
cluded  by  assuming  a  Breit-Wigner  form. 


figu.re  4  4  : 

the  iso-singlet 
central  potential 
for  different  va¬ 
lues  of  the  cut¬ 
off  constant 

t  ;  each  curve 
max 

is  labeled  by  the 

t  value  in 

max 

units  of  m^ 

TT 


An  adiabatic  reduction  of  the  resulting  expression 
for  the  momentum  space  potential  was  used  to  calculate  a 
coordinate  space  representation.  All  parameters  were  pre¬ 
determined.  A  problem  Chemtob  et.  al.  encountered,  was  the 
j_'y02^g0]^QQ  of  the  t^— in tegra t ion ,  V7hich  was  regularized  by 
introducing  a  cut-off.  However  the  inclusion  of  the  so  call¬ 
ed  rescattering  effects  described  by  the  spectral  functions 
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and  ,  introduced  a  critical  dependence  of  the  re¬ 

sulting  potential  on  the  cut-off  value  that  was  used.  This 
undesirable  feature  was  especially  significant  for  small 
distances.  They  restricted  their  considerations  to  the  re¬ 
gion  outside  0.5fm.  It  turned  out  that  the  potential  was 
generally  in  agreement  with  the  Hamada-Johnston  potential, 
in  particular  at  distances  larger  than  0.8fm. 

Figure  44  on  the  previous  page,  shows  the  dependence 
of  the  iso-singlet  central  potential  to  different  values 
of  the  cut-off  t 

max 

Cottingham  and  Vinh  Mau  and  their  Paris  group 
(ref.  128  and  129),  performed  similar  calculations.  The 
main  difference  is  that  the  soectral  functions  a*  and  a 
were  not  approximated  by  the  nucleon  iso-bar  contributions, 
but  were  determined  from  the  experimental  phase-shifts  of 
the  pion-nucleon  scattering.  This  was  done  by  adjusting  the 

•  •  I-  i  -1  i 

coefficients  in  the  power  series  expansion  of  and 

in  t  to  the  empirical  values.  Futhermore  subtracted  dis¬ 
persion  relations  were  used,  suggested  by  the  Regge  asymp¬ 
totic  behaviour  of  the  cross-sections.  Details  of  these 
Regge  theor^^  arguments  are  given  in  the  references  128  and 
4.  Their  model  included  besides  the  one  and  two  pion  ex¬ 
change  the  ^-contribution.  A  coordinate  space  potential 
was  calculated  for  distances  larger  than  0.6fm  ,  and  a 
quantitative  fit  to  the  Hamada-Johnston  potentials  was  es¬ 
tablished.  It  is  interesting  that  this  is  possible  without 
adjustable  parameters.  In  a  second  article  (ref.  129), 
phase  parameters  were  calculated.  These  were  determined 
directly  from  the  amplitude  v/ithout  going  through  a  poten¬ 
tial.  The  discussion  was  restricted  to  partial  waves  for 
which  J>2  .  For  these  one  can  apply  a  simple  unitariza- 
tion  correction,  such  as  the  K-matrix  method.  A  reason  for 
the  restriction  to  J^2  is,  that  for  higher  partial  waves 
the  phase  parameters  are  not  very  sensitive  to  the  cut-off 
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value  .  This  can  be  seen  from  the  following  form, 

in  V7hich  spin  and  iso-spin  are  suppressed  for  simplicity  : 

1 


A^(s) 


1  ^ 

/  dz  P  (z)  i  D  (f  ,s)  (t'-t-ie  ) 

-1  "  4ra2 

z  =  1  +  ^ 


2k'- 


k2  4m2 


.max.  t'  X 

/  dt '  p  (f  ,s)  (1+-^: - ) 


2k  2 


k  =  !]J 


(34) 


(35) 


k 


is  the  3-momentum  of  a  nucleon  in  the  s-channel  cm- 
system  and  Q,.  is  the  Legendre  polynomial  of  the  second 
kind.  The  interesting  observation  one  can  make  is  that 


X.  I 

Qt  (1+^= — 

0  1-2 


)  decreases  rapidly  as  a  function  of  t'  for 


2k- 


L>2 


,  thereby  making  A. (s)  less  dependent  on  t 

L  max 


A  satisfactory  agreement  v;ith  a  Livermore  phase- 
shift  analysis  (ref.  98)  could  be  obtained,  considering 
that  no  adjustable  parameters  were  used.  The  figures  45 


and  46  illustrate  their  results  for  the 
phase-shifts . 


and 


the 


e  (fig.  45)  and 
2 


(fig.  46)  phase  parameters  calcu- 
z  3  ■  ■ 

lated  by  Vinh  Mau  et.  al.  (ref.  129) ;  the  curves  I  and  II 

show  the  results  for  two  different  phase  analyses;  further¬ 
more  the  results  for  the  OPE  and  the  OPE  plus  the  fourth 
order  contribution  are  shown;  the  shaded  area  and  the  points 
show  the  energy  dependent  -  and  the  energy  independent 
Livermore  phase  analysis  (ref.-  98) 
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The  sensitivity  of  the  results  for  low  partial  waves 
to  the  value  of  the  cut-off,  is  illustrated  in  the  figures 
47  and  48.  These  are  results  obtained  by  Jackson  et.  al. 
(ref.  126) . 


phase-shifts  for  the  (fig.  47)  and  the  (fig.  48) 

1 

partial  waves,  calculated  by  Jackson  et.  al.;  the  curves 
£ind  show  the  results  for  the  cut-off  values 

30  and  50  ;  in  the  curve  denoted  by  FF  no  rescat¬ 

tering  effects  are  included 


In  these  results  the  corrections  for  1^2  pion-pion  par¬ 
tial  waves  is  approximated  by  taking  into  account  the  con¬ 
tributions  from  the  three  lightest  nucleon  iso-bars.  The 
conclusion  made  by  them  is  that  the  extrapolation  involved 
in  relating  the  pion-nucleon  scattering  amplitude  to  the 
nucleon-nucleon  scattering  process,  is  not  justified.  An 
exception  are  the  NN  higher  partial  waves,  because  it 
follows  from  (35)  that  then  p  (f /s)  contributes  only  for 

low  values  of  t'  .  In  the  low  t'  region  the  spectral 

i  i 

functions  and  are  known  to  depend  only  weakly  on 

t '  for  t  ^2  . 

Jackson  et.  al.  considered  a  number  of  models  in 
which  the  rescattering  effects  for  ^^2  are  left  out  en¬ 
tirely.  This  is  not  unreasonable ^ as  one  expects  in  general 
the  largest  contributions  from  the  lowest  partial  waves. 
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In  this  approximation  only  the  nucleon  pole  term  contrib¬ 
utes  to  dj  .  Satisfactory  results  can  be  obtained  in  this 
way,  as  is  seen  by  comparing  the  3p  phase- 

shifts  with  and  without  the  rescattering  effects.  This  is 
shown  in  the  figures  47  and  48  on  the  previous  page.  In 

the  various  models  that  Jackson  et.  al.  discussed,  diffe- 

1 


rent  choices  for  and  f|  are  compared.  The  results 


turned  out  to  be  rather  sensitive  on  f_°  .  This  was  con¬ 
sidered  as  an  unfortunate  result  in  view  of  the  lack  of 
knowledge  about  this  amplitude  (Recently  improvements  were 
made  (ref.  127) ) .  Figures  49  and  50  show  the  results  for 

phase-shift . 


the 


and 


P  (fig.  49)  and 


(fig.  50) 

1 

partial  waves,  calculated  by  Jackson  et.  al.;  NO,FF'  and 


1 


NF  denote  different  models  for 


and 


f  ^ 
+ 


One  notices  that  the  phase-shift  is  not  well-repro¬ 

duced.  However  the  other  phase  parameters  are  in  reason¬ 
able  agreement  with  the  empirical  values.  The  figures  gi¬ 
ve  the  results  for  various  choices  of  the  amplitudes  f^ 
and  fj_  .  Little  is  known  about  these  amplitudes  for 
t-values  larger  than  50  ra^  .  Fortunately  one  may  hope 
that  the  contributions  for  larger  values  of  t  are 
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relatively  unimportant  since  these  correspond  to  small 
distances  between  the  nucleons,  a  region  which  is  dominat¬ 
ed  by  the  strong  repulsion,  obtained  from  the  co-meson  ex¬ 
change.  In  practice  therefore  one  applies  a  cut-off  with  a 
typical  value  of  50  m^  .  Jackson  et.  al.  studied  the  cut- 

7T 

off  dependence  of  the  phase-shifts  by  using  different  va¬ 
lues  for  t  -  in  the  range  40  m^-OO  m^  .  Without  the 
^^2  rescattering  effects  a  nearly  energy  independent  cor¬ 
rection  of  about  2  degrees  for  the  S-v/ave  phase-shift  was 
found,  which  could  be  compensated  by  a  variation  of  the 
w-N  coupling  constant,  within  its  range  of  experimental 
uncertainty.  The  dependence  of  the  other  phase-shifts  was 
quite  negligible. 
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5)  Form  Factors 


In  order  to  regularize  the  Blanckenbecler  -Sugar 

i 

equation,  form  factors  have  to  be  used  .  Jackson  et.al. 
(ref.  126)  considered  the  familiar  dipole  form.  This  form 
v/as  compared  with  a  more  sophisticated  cut-off  factor  ba¬ 
sed  on  multiple  neutral  vector  meson  processes  in  the  re¬ 
lativistic  eikonal  approximation.  This  form  is  (ref.  131) ; 


exp  (2i  {  [x  (t) -X  (m? )  ]  -l-  [ X  (u) -X  ( 4M2-s-m? )  ]  } )  (36a) 


where  : 


iX (x)  = 


1 


-2  y(2M^-x)  {x  (4m2-x)  }  ^'^^arctan{x  (4m2-x) 
for  0<x<4M^ 


•2  y(2m2-x)  {~x  (4M--X)  }  ln{  (~™)  +  (1- 


X  ^  1/2 


4M‘ 


for  x<0 


4M^ 
(36b) 


This  form  factor  is  normalized  so  that  on-shell  the  resi¬ 
dues  of  the  pole  terms  are  unchanged,  y  is  a  parameter. 
The  factor  X (t)  arises  from  the  diagrams  shown  in  fi¬ 
gure  51ci.  The  contributions  that  lead  to  the  factor  X  (u) 
are  shown  in  figure  51b. 


- - -  N 

-  meson 

soft 

neutral 

vector 

meson 


fi2ure_51  :  diagrams  representing  contributions  to 

the  eikonal  form  factor 
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18.6 


The  essential  assumption  that  leads  to  the  form 


(36a)  and  (36b)  is  that  the  momentum  transfer  at  the  nu¬ 
cleon  neutral  vector  meson  vertices  is  small  compared  to  the 
momentum  transferred  by  mesons  in  the  model  under  consi¬ 
deration.  One  can  show  that  by  using  pseudo-scalar 
mesons,  instead  of  neutral  vector  mesons,  the 
resulting  expression  vanishes  (of  course  using 
ps-ps  coupling) .  Problems  arise  if  we  want  to  use  this 
idea  for  charged  vector  mesons.  Due  to  the  iso-vector  al¬ 
gebra  one  can  not  apply  the  techniques  used  for  the  neu¬ 
tral  vector  mesons.  The  effects  of  the  diagrams  51a  and 
51b  for  charged  vector  mesons  are  in  fact  not  known  (ref. 4). 
The  restriction  to  neutral  vector  mesons  is  rather  arbi¬ 
trary.  However  the  form  is  quantitatively  successful  as  a 
model  for  the  electro-magnetic  form  factor  (ref.  121) , 
which  gives  it  some  credibility  for  use  in  the  strong  in¬ 
teraction.  The  data  in  the  electro-magnetic  case  suggest 
a  value  1.25<y<1.50  (ref.  89).  Jackson  et.  al.  compared 
a  fit  to  the  S-wave  phase-shift  using  the  form  (36a)  and 
(36b)  to  a  fit  in  which  the  dipole  form  for  the  cut-off 
factor  is  used.  In  tlie  dipole  form  the  value  1.54  M  for 
the  cut-off  mass  was  chosen,  which  is  in  agreement  with 
the  electro-magnetic  fom  factor  data.  Figure  52  shows  the 
result  for  the  phase-shift. 
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calculated  by  Jackson 
et.  al.  using  a  dipole 
form  factor  (d)  and  the 
eikonal  form  factor  for 
y=1.2  5  and  y=1.4 


the  phase- shift 
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One  notices  that  the  phase-shift  is  not  sensitive  to  the 
particular  form  of  the  cut-off  factor  that  is  chosen,  as 
long  as  these  are  in  agreement  with  the  electro-magnetic 
form  factor  data .  Although  the  form  is  not  very  critical 
to  obtain  a  good  fit,  the  coupling  constants  in  OBE-models 
using  the  form  (36  a^b)  are  much  closer  to  their  expected 
values.  This  feature  comes  about  as  the  exponential  form 
dampens  the  high  momentum  transfers  more  effectively 
than  a  dipole  form.  The  dipole  form  influences  also  the 
low  momenta,  forcing  the  use  of  higher  values  for  the 
coupling-constants.  This  was  observed  by  Holinde  and 
Machleidt  (ref.  131),  who  did  an  OBE-analysis  using  the 
eikonal  form  factor.  A  reduced  of  2.77  could  be  ob¬ 

tained  for  132  data  points  using  the  coupling  constants 
shov;n  in  table  14. 


table 

14  (ref.  131) 

9'^ 

f/g 

f/g 

meson 

eikonal 

dipole 

eikonal 

dipole 

IT 

14.1 

14.1 

n 

2 

2.2 

0 

5.66 

5.9 

• 

6 

0.82 

8.7 

D 

0.5 

1.4 

6.2 

4.5 

W 

10 

25 

$ 

0 

33.6 

The  first  column  gives  the  values  of  the  coupling  constants 
using  the  eikonal  form  factor  and  the  electro-magnetic  value 
Y=--1.25  ,  and  the  second  column  gives  the  value  of  their 
earlier  model  (ref.  146),  in  which  the  dipole  cut-off 
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factor  was  used.  The  meson  masses  were  the  same  in  both 

models,  except  for  the  a  and  p  .  The  masses 

m  =520  MeV.  and  m  =711  MeV.  were  used  instead  of 

a  p 

m  =500  MeV.  and  m  =763  MeV.  of  the  earlier  model.  The 

a  p 

use  of  an  effective  p -meson  mass  is  a  well-known  method 
to  account  for  the  large  width  of  the  p  (ref.  131) . 


6 )  Concluding  Remarks;  Other  Higher  Order  Effects 

In  the  foregoing  we  considered  the  contributions  of 
the  tv70  pion  exchange  and  the  nucleon  iso-bars.  Both  turn¬ 
ed  out  to  be  important  effects.  The  results  of  the  zero- 
parameter  models  of  Vinh  Mau  et.  al.  (ref.  129)  and  Jack- 
son  et.  al.  (ref.  126)  show  a  qualitative  agreement  with 
the  experimental  data.  However  the  model  of  Vinli  Mau  et.al. 
which  includes  rescattering  effects  for  the  1^2  waves, 
can  only  be  used  for  the  higher  NN  partial  waves.  Other¬ 
wise  the  results  are  strongly  dependent  on  the  cut-off 
that  is  used.  Jackson  et.  al.  neglect  these  rescattering 
effects  and  are  able  to  calculate  the  phase  parameters  for 
all  partial  waves.  Although  quantitatively  the  results 
agree  with  the  data,  a  quantitative  fit  is  not  possible. 

Especially  the  phase-shift  remains  a  problem. 

1 

The  OBE-model  of  Holinde  et .  al.  (ref.  141),  aug¬ 
mented  with  effects  from  the  intermediate  A (1232)  ,  gives 

a  poor  description  of  the  inner  region.  The  results  depend 
strongly  on  the  cut-off  mass. Furthermore  the  eikonal  form 
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appeared  inadequate. 

The  necessity  of  a  cut-off  mechanism  was  already 
clear  from  the  calculations  of  Sugawa  and  von  Hippel 
(ref.  143) .  They  were  first  to  consider  the  transition 
potential  for  the  A-excitation  due  to  a  ir-exchange.  They 
noticed  that  this  transition  potential  develops  a  singular 
r“^  behaviour. 

It  should  be  very  satisfactory  if  one  could  find  a 
physical  process  which  provides  an  effective  cut-off. 

Green  and  Haapakoski  (ref.  144)  considered  the 
A-excitation  due  to  the  exchange  of  a  o  .  They  showed 
from  quark  model  considerations  that  the  transition  poten¬ 
tial  in  this  process  differs  in  sign  from  the  transition 
potential,  which  arises  in  the  case  of  pion  exchange. 
Important  cancellations  are  therefore  expected  between  the 
contributions  from  the  two  diagrams,  shown  in  figure  53. 


figure__53  ; 

diagrams  con¬ 
sidered  by 
Green  and 
Haapakoski 
(ref.  144) 


“The  potentials  due  to  the  processes  represented  by  these 
diagrams  are  shown  in  figure  54* 
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fi2ure_54  ; 

the  potentials  cor¬ 
responding  to  the 
diagrams  53a  (dashed 
curve)  and  53b  (solid 
curve) 
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Therefore  the  inclusion  of  the  combined  -np  exchange  is 
quite  crucial,  one  may  hope  that  the  A  (1232)  contribu- 
tion  becomes  much  less  cut-off  dependent.  One  may  observe 
that  the  iso-scalar  mesons,  such  as  the  n  and  w  ,  give 
no  contribution  to  the  transition  potential. 

Other  processes  that  can  be  of  importance  are  the 
corrections  to  the  ttN  vertex  due  to  the  large  v/idth  of 
the  p -meson , which  is  obviously  not  included  in  the  eiko- 
nal  form  factor.  This  is  shown  in  figure  55*  Jackson 
et .  al  (ref.  126)  suggest  that  processes  like  these  may 
result  in  a  better  fit  of  the  D-phase-shift . 


f i2ure_55 


irK  vertex 
correction 


A  number  of  authors  have  studied  the  simultaneous 
exchange  of  the  tt  and  the  n  (ref.  1)  .  They  concluded 
that  the  effects  are  negligible  ,  as  could  have  been  an¬ 
ticipated  because  of  the  small  coupling  between  tlie  nucleon 
and  the  n  • 

Recently  Riska  (ref.  145)  has  studied  the  exchange 
of  a  TT  together  with  the  o)  .  He  calculated  the  dia¬ 
grams  ; 
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fi2ure_56  :  diagrams  calculated  by  Riska  (ref.  145) 
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Essentially  the  same  formalism  that  Chemtob  et,  al 
(ref.  109)  used  to  their  calculation  of  the  two  pion  ex¬ 
change  potential  was  applied.  He  calculated  a  coordinate 
space  potential,  v;hich  involved  a  non-relativist ic  reduc¬ 
tion.  The  expressions  that  he  obtains  are  integrations 
over  t  which  converge  slowly.  A  cut-off  was  introduced, 
as  the  integrand  was  not  reliable  for  high  values  of  t  , 
in  view  of  the  non-relativistic  reduction.  Unfortunately 
this  introduced  a  significant  cut-off  dependence  of  the 
resulting  potential^  especially  for  distances  belov;  o.6fm, 
for  v/hich  the  potential  is  most  important.  The  main  result 
was  that  the  .tensor  -  and  spin-soin  forces  are  of  the  same 
order  of  magnitude  as  those  of  the  single  w-exchange . 

This  result  is  independent  of  the  cut-off  factor. 

Finally  we  should  mention  that  no  serious  attempt 
to  calculate  the  uncorrelated  three  pion  exchange  contri¬ 
bution  has  apoeared  in  the  literature. 

Although  the  calculation  of  ci  number  of  311  exchange 
diagrams  is  in  progress.  In  particular  one  hopes  to  account 
for  the  D-phase-shifts  by  including  3n  exchange  effects 
(ref .  147) . 
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